QUANTUM DECAY RATES IN CHAOTIC SCATTERING 

STEPHANE NONNENMACHER AND MACIEJ ZWORSKI 



1. Statement of Results 

In this article we prove that for a large class of operators, including Schrodinger operators, 

(1.1) P{h) = -h^A + V{x), VeC^{X), X = R\ 

with hyperbolic classical flows, the smallness of dimension of the trapped set implies that 
there is a gap between the resonances and the real axis. In other words, the quantum 
decay rates are bounded from below if the classical repeller is sufficiently filamentary. The 
higher dimensional statement is given in terms of the topological pressure and is presented 
in Theorem [3l Under the same assumptions, we also prove a useful resolvent estimate: 

^^log(l//i) 



(1-2) \\xiPih)-E)-'x\\L-^L'^<C , 

n 

for any compactly supported bounded function x - see Theorem |5l and a remark following 
it for an example of applications. 

We refer to §3.21 for the general assumptions on P{h), keeping in mind that they apply 
to P{h) of the form (11. ip . The resonances of P{h) are defined as poles of the meromorphic 
continuation of the resolvent: 

R{z,h) = {P{h)-z)-^ : L\X)—^L\X), lmz>0, 

through the continuous spectrum [0, oo). More precisely, 

Riz,h) : LI^JX)^LUX), ^gC\(-oo,0], 

is a meromorphic family of operators (here I/comp ^foc denote functions which are 
compactly supported and in L^, and functions which are locally in L^). The poles are 
called resonances and their set is denoted by Res{P{h)) — see [H |16] for introduction and 
references. Resonances are counted according to their multiplicities (which is generically 
one |22]). 

In the case of (II. ip the classical fiow is given by Newton's equations: 
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This flow preserves the classical Hamiltonian 

Pix,0 = \^\' + vix), (x,Oer*x, x = R\ 

and the energy layers of p are denoted as follows: 

(1.4) £e = {pET*X, p{p) = E}, Ei"^ U £e'. 8>Q. 

\E'-E\<& 

The incoming and outgoing sets at energy E are defined as 

(1.5) Ti''^ {peT*X : p{p) = E, $*(p) oo , t ^ ^oo } C . 
The trapped set at energy E, 

(1.6) Ke = T%^T-e 

is a compact, locally maximal invariant set, contained inside T^^^^^^-^X, for some Rq. That 
is clear for (11. ip but also follows from the general assumptions of §3.21 

We assume that the flow $* is hyperbolic on Ke- 

The definition of hyperbolicity is recalled in fl3.10p - see §3.21 below. We recall that it is 
a structurally stable property, so that the flow is then also hyperbolic on Ke'-, for E' near 
E. Classes of potentials satisfying this assumption at a range of non-zero energies are given 
in [27], [37t Appendix c], [44j, see also Fig{Tl The dimension of the trapped set appears in 
the fractal upper bounds on the number of resonances. We recall the following result [H] 
(see [37] for the first result of this type): 

Theorem 1. Let P{h) he given by (11.11) and suppose that the flow $* is hyperbolic on Ke- 
Then in the semiclassical limit 

(1.7) \Res{P{h))nD{E,Ch)\ = 0{h-'^") , 
where 

(1.8) 2dH + 1 = Hausdorff' dimension of Ke- 

We note that using [33;, Theorem 4.1], and in dimension n = 2, we strengthened the 
formulation of the result in [H] by replacing upper Minkowski (or box) dimension by the 
Hausdorff dimension. We refer to ^Ti Theorem 3] for the slightly more cumbersome general 
case. 

In this article we address a different question which has been present in the physics 
literature at least since the seminal paper by Gaspard and Rice [15]. In the same setting 
of scattering by several convex obstacles, it has also been considered around the same time 
by Ikawa [19] (see also the careful analysis by Burq [B] and a recent paper by Petkov and 
Stoyanov [34j). 
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Figure 1 . A three bump potential exhibiting a hyperbohc trapped set for 
a range of energies. When the curve {V = E} is made of three approximate 
circles of radii a and centers at equilateral distance R, the partial dimension 
dn in (11.81) is approximately log2/log(i?/a) when a. 

Question: What properties of the flow or of Ke alone, imply the exis- 
tence of a gap 7 > such that, for h > sufficiently small, 

z e Spec(P(/i)) , Rez E ^ Imz < --fh ? 

In other words, what dynamical conditions guarantee a lower bound on the 
quantum decay rate? 

Numerical investigations in different settings of semiclassical three bump potentials [23l 
three disk scattering [15], [25l HS] , Cantor-like Julia sets for z z'^ + c, c < —2 |12], and 
quantum maps [3T1I35] . all indicate that a trapped set Ke of low dimension (a "filamentary" 
fractal set) guarantees the existence of a resonance gap 7 > 0. Some of these works also 
confirm the fractal Weyl law of Theorem [H which, unlike Theorem [2] below, was first 
conjectured in the mathematical works on counting resonances. 

Here we provide the following 

Theorem 2. Suppose that the assumptions of Theorem\J\ hold and that the dimension dn 
defined in (ll.Sp satisfies 



(1.9) 
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Figure 2. A sample of numerical results of [23]: the plot shows resonances 
for the potential of Fig. [D (/i = 0.017). For the energies inside the box, the 
fractal dimension is approximately dn — 0.288 < 0.5 (see [23l Table 2]), and 
resonances are separated from the real axis in agreement with Theorem [21 

Then there exists 6, 7 > 0, and hs^^y > such that 

(1.10) 0<h<hs,^ =^ Res{P{h))n{[E -5,E + S]-i[0,h-f]) = (D. 

The statement of the theorem can be made more general and more precise using a more 
sophisticated dynamical object, namely the topological pressure of the flow on Ke with 
respect to the unstable Jacobian: 

'Pe{s) = pressure of the flow on Ke with respect to the unstable Jacobian. 

We will give two equivalent definitions of the pressure below, the simplest to formulate (but 
not to use), given in ( 13.17p . 

The main result of this paper is 

Theorem 3. Suppose that P{h) satisfies the general assumptions of ^3.2\ (in particular it 
can be of the form fll.ip with X = M."'), and that the flow is hyperbolic on the trapped 
set Ke- Suppose that the topological pressure satisfies 

^e(1/2)<0. 
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Then there exists 6 > such that for any 7 satisfying 

(1.11) 0<7< mill i-VE'{l/2)), 

\E-E'\<5 

there exits hs^^ > such that 

(1.12) 0<h< hs,^ =^ Res{P{h)) f] {[E - 6, E + 6] - z[0, M) = . 

For n = 2, dn < 1/2 is equivalent to Ve{^/2) < 0, which shows that Theorem [2] follows 
from Theorem [3l The connection between sgnP£;(l/2) and a resonance gap also holds in 
dimension n > 3; however, for n > 3 there is generally no simple link between the sign 
of 'P£;(l/2) and the value of (except when the flow is "conformal" in the unstable, 
respectively stable directions [55]). 

The optimality of Theorem [5] is not clear. Except in some very special cases (for instance 
when Ke consists of one hyperbolic orbit) we do not expect the estimate on the width of 
the resonance free region in terms of the pressure to be optimal. In fact, in the analogous 
case of scattering on convex co-compact hyperbolic surfaces the results of Naud (see [29] 
and references given there) show that the resonance free strip is wider at high energies than 
the strip predicted by the pressure. That relies on delicate zeta function analysis following 
the work of Dolgopyat: at zero energy there exists a Patterson-Sullivan resonance with the 
imaginary part (width) given by the pressure, but all other resonances have more negative 
imaginary parts. A similar phenomenon occurs in the case of Euclidean obstacle scattering 
as has recently been shown by Petkov and Stoyanov [ 34] . 

The proof of Theorem [3] is based on the ideas developed in the recent work of Anan- 
tharaman and the first author [21 [3] on semiclassical defect measures for eigenfuctions of the 
Laplacian on manifolds with Anosov geodesic flows. Although we do not use semiclassical 
defect measures in the proof of Theorem [3l the following result provides a connection: 

Theorem 4. Let P{h) satisfy the general assumptions of ^3.2\ (no hyperbolicity assumption 
here). Consider a sequence of values hk ^ and a corresponding sequence of resonant 
states (see (13.191) in ^23 below) satisfying 

(1.13) ||^^(/ifc)||L2(7r(7^B)+B(o,5)) = 1, Re z{hk) = E + o{l) , lmz{h)>-Ch 

where Ke is the trapped set at energy E (11. 6p and 6 > 0. Suppose that a semiclassical 
defect measure dfi on T*X is associated with the sequence {u{hk)): 

{a'"{x,hkD)xu{hk),xu{hk)) — > a{p) dfi{p) , k ^ 00 , 
(1-14) Jt'X 

aeC^{T*X), xeC(X), 7r*x|suppa = l, ir:T*X^X. 

Then 



(1.15) 



supp /i C 
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Phase space picture of the Eckart barrier 
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Real and imaginary parts of the first resonant state 




Density plot of the FBI transform of the first resonant state 




Figure 3. The top figure shows the phase portrait for the Hamilton- 
ian = ^"^ + cosh~^(x), with highhghted. The middle plot 

shows the resonant state corresponding to the resonance closest to the 
real axis at h = 1/16, and the bottom plot shows the squared modulus 
of its FBI tranform. The resonance states were computed by D. Bindel 
([http:// cims.nyu.edu/~dbindel/resonantld) and the FBI transform was 
provided by L. Demanet. The result of Theorem H] is visible in the mass of 
the FBI transform concentrated on F^, with the exponential growth in the 
outgoing direction. 



and there exists A > such that 



(1.16) 



lim Imz(/ifc)//ifc = — A/2 , and £ u /i = A/x . 

fc— >oo 
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See Fig. [3] for a numerical result illustrating the theorem. A similar analysis of the phase 
space distribution for the resonant eigenstates of quantized open chaotic maps (discrete- 
time models for scattering Hamiltonian flows) has been recently performed in [211 130] . 
Connecting this theorem with Theorems [2] and [3l we see that the semiclassical defect 
measures associated with sequences of resonant states have decay rates A bounded from 
below by 27 > 0, once the dimension of the trapped set is small enough (n = 2), or more 
generally, the pressure at | is negative. 

Our last result is the precise version of the resolvent estimate (11.21) : 

Theorem 5. Suppose that P{h) satisfies the general assumptions of ^3.2\ (in particular it 
can be of the form (II. ip with X = M.^), and that the flow is hyperbolic on the trapped 
set Ke- If the pressure Ve{^/'^) < then for any x ^ C^(^) have 

(1.17) ||;^(p(/,)_i5;)-i;^||^,(^)^^,(^)<ci^^^, 0<h<ho. 

Notice that the upper bound C log{l/ h)/h is the same as in the one obtained in the 
case of one hyperbolic orbit by Christianson To see how results of this type imply 
dynamical estimates see [H [S] . In the context of Theorem O the applications are presented 
in [9]. Referring to that paper for details and pointers to the literatures we present one 
application. 

Let P = —h'^Ag be the Laplace-Bertrami operator satisfying the assumptions below, for 
instance on a manifold Euclidean outside of a compact set with the standard metric there. 
The Schrodinger propagator, exp{—itAg), is unitary on any Sobolev space so regularity 
is not improved in propagation. Remarkably, when K = 0, that is, when the metric is 
nontrapping, the regularity improves when we integrate in time and cut-off in space: 

T 

\\xexp{-itAg)u\\l,^,^^^dt < , X e C^{X) , 

and this much exploited effect is known as local smoothing. As was shown by Doi [12] any 
trapping (for instance a presence of closed geodesies or more generally K ^ ^) will destroy 
local smpoothing. Theorem [5] implies that under the assumptions that the geodesic flow 
is hyperbolic on the trapped set K C S*X, and that the pressure is negative at 1/2 (or, 
when dimX = 2, that the dimension oi K G S*X is less than 2) local smoothing holds 
with if^/^ replaced by H^^'^~'^ for any e > 0. 

Notation. In the paper C denotes a constant the value of which may changes from line to 
line. The constants which matter and have to be balanced against each other will always 
have a subscript Ci,C2 and alike. The notation u = Cy(/) means that \\u\\v = 0{f), and 
the notation T = Oy^wif) means that HT-uHvk = 0(/)||'u||v'- 
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2. Outline of the proof 

It this section we present the main ideas whith the precise definitions and references 
to previous works given in the main body of the paper. The operator to keep in mind is 
P = p[h) = -h'^Ag + V, where V G C^{X), X = M", and the metric g is Euchdean outside 
a compact set. The corresponding classical Hamiltonian is given by p = + V{x). Weaker 
assumptions, which in particular do not force the compact support of the perturbation, are 
described in §3.2[ 

First we outline the proof of Theorem [3] in the simplified case in which resonances are 
replaced by the eigenvalues of an operator modified by a complex absorbing potential: 

= Py^[h) = P-iW , 
where W G C°°(X; [0, 1]), satisfies the following conditions: 

> , SUpp W(lX\ 5(0, , W\x\B(0,R,+r,) = 1 , 

for -Ri,ri sufficiently large. In particular, i?i is large enough so that ^{Ke) C B{0,Ri), 
where Ke is the trapped set given by (11.61) . The non-self-adjoint operator P\y has a discrete 
spectrum in Im^; > —1/C and the analogue of Theorem [3] reads: 

Theorem [HJ. [/nder the assumptions of Theorem\^ for 

(2.1) 0<7< min (-^^,(1/2)), 

\E-E'\<S 

there exits Hq = /io(7, S) such that for < h < ho, 

(2.2) Spec{Pw{h)) f] {[E - 6, E + S] - i[0, M) = . 



This means that the spectrum of Pw{h) near E is separated from the real axis by hj, 
where 7 is given in terms of the pressure of the square root of the unstable Jacobian, 
Ve{1/2). 

This spectral gap is equivalent to the fact that the decay rate of any eigenstate is bounded 
from below: 

Pw u = z u , z G D{E, 1/C) , ueL^ ^ \\ exp{-itPw/h)u\\ < e"^* . 

This is the physical meaning of the gap between the spectrum (or resonances) and the real 
axis — a lower bound for the quantum decay rate — and the departing point for the proof. 
To show (12.21) we will show that for functions, u, which are microlocally concentrated near 
the energy layer Se = p~^{E) (that is, u = x^i^j hD)u + 0{h°°) for a x supported near 
£^£;) we have 

0<t< M\og{l/h) , 
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for any M. Taking M ^ n/2X and applying the estimate to an eigenstate u gives fl2.2l) . 

To prove (12.31) we decompose the propagator using an open cover (Wa)aGA of the neigh- 
bourhood of the energy surface. That cover is adapted to the definition of the pressure 
(see § §5.2115.31) and it leads to a microlocal partition of a neighbourhood of the energy 
surface: 

J2^a = x'"{x,hD)+0{h°^), x = l onS'J\ ess-supp d ly, . 

The definition of the pressure in §5.21 also involves a time to > 1, independent of h, but 
depending on the classical cover. Taking 

(2.4) N<M\og{l/h) iV G N, M > fixed but arbitrary large, 

the propagator at time t = NIq acting of functions u microlocalized inside 8^J^ can be 
written as 

(2.5) e-'^*"^^/'^ u= J2 Ua^°---°Ua,u + 0{h^) \\u\\ , Ua = e-'*"^^/'^ . 

Most terms in the sum appearing on the right hand side of (12. 5p are negligible. The se- 
quences a = («!, ■ ■ ■ , Oat) which are classically forbidden, that is, for which the correspond- 
ing sequences of neighbourhoods are not successively connected by classical propagation in 
time to, lead to negligible terms. So do the sequences for which the propagation crosses the 
region where W = 1: the operator exp{—itoPw/h) is negligible there, due to damping (or 
"absorption") by W. 

As a result, the only terms relevant in the sum on the right hand side of (12.51) come from 
a G n An where Ai indexes the element of the partition intersecting the trapped set 
Ke, and An are the classically allowed sequences — see (16.291) . We then need the crucial 
hyperbolic dispersion estimate proved in §7] after much preliminary work in § §4.31 and 15.11 
for < M log(l//i), M > arbitrary, we have for any sequence a G A^ fl An'- 

N I 

(2.6) ||f/«^o...o[/,J| < /i-"/2(l + eo)^TT inf det (rf<l>*°(p)li,+o) 

The expression in parenthesis is the coarse-grained unstable Jacobian defined in (15.221) . and 
eo > is a parameter depending on the cover (VFq), which can be taken arbitrarily small 
— see (I5.24P . From the definition of the pressure in §5.21 summing (12. 6p over a G A^ fl An 
leads to (Q, with M = Mto. 

In ^we show how to use (12.31) to obtain a resolvent estimate for Pw- at an energy E 
for which the fiow is hyperbolic on Ke and 'P£;(l/2) < 0, we have 

(2.7) II {Pw - E)-' \\lHx)^lhx) < C MlH}! , Q < h < ho . 
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To prove Theorem [3l that is the gap between resonances and the real axis, we use the 
complex scaled operator Pg : its eigenvalues near the real axis are resonances of P. If V is 
a decaying real analytic potential extending to a conic neighbourhood of M" (for instance a 
sum of three Gaussian bumps showed in Fig.[T]), then we can take Pg = — /i^e~^*^A+y(e*^a;), 
though in this paper we will always use exterior complex scaling reviewed in §3.41 with 
6 ~ Ml log(l//i)//i, where Mi is chosen depending on M in (12.41) . 

To use the same strategy of estimating exp(— itPg/Zi) we need to further modify the 
operator by conjugation with microlocal exponential weights. That procedure is described 
in ^ The methods developed there are also used in the proof of Theorem [Hand in showing 
how the estimate (12. 7p implies Theorem [51 

Since we concentrate on the more complicated, and scientifically relevant, case of reso- 
nances, the additional needed facts about the study of Pw and its propagator are presented 
in the Appendix. 

3. Preliminaries and Assumptions 

In this section we recall basic concepts of semiclassical analysis, state the general assump- 
tions on operators to which the theorems above apply, define hyperbolicity and topological 
pressure. We also define resonances using complex scaling which is the standard tool in 
the study of their distribution. Finally, we will review some results about semiclassical 
Lagrangian states and Fourier integral operators. 

3.1. Semiclassical analysis. Let X be a C°° manifold which agrees with M" outside a 
compact set, or more generally 

X = Xo U (M" \ B{0, Ro)) U ■ ■ ■ U (M" \ B{0, Rq)) , Xq d X . 

A weight function on T*X is of the form 

m : T*X — > (0, oo) , m(x, < C{1 + d{x, y) + \^ - v\)^rn{y, r]) , 

where d{x, y) is a distance function on X, and any uniform choice of distance in the fibers 
is allowed — the usual Euclidean distance is taken outside Xq. The typical choice is 
m{x,^) = 1 + for a metric g. 

The class of symbols associated to the weight m is defined as 

SliT*X,m) = |a G C°°(T*X x (0,1]) : {d^d^aix, h) \ < C„m(x, O/^"'"''^'""''^'^- } • 

Most of the time we will use the class with 5 = in which case that we drop the subscript. 
When 171 = 1 and k = 0, we simply write S{T*X) or 5* for the class of symbols. 

We denote by \1/^5(X, m) or \I'^(X, m) the corresponding class of pseudodifferential op- 
erators. We have surjective quantization and symbol maps: 

Op : S\T*X,m) — >^^(X,m), at : ^^(X,m) — > S''{T*X,m)/ S''-\T*X,m) . 



QUANTUM DECAY RATES IN CHAOTIC SCATTERING 11 

Multiplication of symbols corresponds to composition of operators, to leading order: 

ah{A o B) = ah{A)ah{B) , 

and 

a,, o Op : 5'^(T*X, m) — > S\T*X, m)/S^-\T*X, m) , 

is the natural projection map. A finer filtration can be obtained by combining semiclassical 
calculus with the standard calculus (or in the yet more general framework of the Weyl 
calculus) — see for instance [lOl §3] . 

The class of operators and the quantization map are defined locally using the definition 
on M": 

(3.1) Op(a)w(x') = a^{x,hD)u{x') = j j a{^^,i)e'^^'-^^^^'^u{x)dxdi , 

and we refer to [H] Chapter 7] for a detailed discussion, and to fT3', Appendix D.2] for the 
semiclassical calculus on manifolds. 

The semiclassical Sobolev spaces, H^{X) are defined by choosing a globally elhptic, self- 
adjoint operator, A G \l//i(X, (^)) (that is an operator satisfying a{A) > {^)/C everywhere) 
and putting 

When X = M", 



\u 



(27r/i)W2 

Unless otherwise stated all norms in this paper, || • ||, are norms. 

For a G S{T*X) we follow [[40] and say that the essential support is equal to a given 
compact set K d T*X, 

ess-supp/j a = K T*X , 

if and only if 

Vx G S{T*X) , suppx cZK =^ xae h°°S{T*X) . 

Here S denotes the Schwartz class which makes sense since X is Euclidean outside a 
compact. In this article we are only concerned with a purely semiclassical theory and 
deal only with compact subsets of T*X. 

For A G ^h(X), A = Op(a), we put 

WF h{A) = ess-supp^ a , 

noting that the definition does not depend on the choice of Op. 
We introduce the following condition 

(3.2) ueC^iiO,l]H;V'{X)), 3P,ho, || < /i"^ , /i< /lo , 
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and call families, u = u{h), satisfying (13.21) /i-tempered. What we need is that for u{h), 
/i-tempered, x^i^y hD)u{h) G h°°S{X) for x ^ h°°S(T*X). That is, applying an operator 
in the residual class produces a negligible contribution. 

For such /i-tempered families we define the semiclassical L^-wave front set : 
(3.3) WFft(M) = C{(x,0 : 3aeS{T*X), a(x,O^0, \\a'"{x,hD)u\\L2 = 0{h°°)} . 
The last condition in the definition can be equivalently replaced with 

a"'(x, hD)u G /i°°C°°((0, l]h; C^{X)) , 

since we may always take a G S{T*X). 

Equipped with the notion of semiclassical wave front set, it is useful and natural to 
consider the operators and their properties microlocally. For that we consider the classe of 
tempered operators, T = T{h) : S{X) S'{X), defined by the condition 

3P,ho, \\{x)'^Tu\\^-p^^j^^ < h'^\\{x)^u\\HP(x) , < h < ho . 

For open sets, V (Z V T*X, U C U <£ T*X, the operators defined microlocally near 
V X U are given by the following equivalence classes of tempered operators: 

T ~ T' if and only if there exist open sets 
U,V T*X, fJ (E f/, V (sV, such that 
^^■^^ AiT-r)B = Os'-.sihn. 

for any A, Be ^h{X) with WFh{A) C V , WFh{B) C U . 

For two such operators T, T' we say that T = T' microlocally near V x U. If we assumed 
that, say A = a'"{x,hD), where a G C^{T*X) then Os'^s{h°°), could be replaced by 
OL2^i2[h^) in the condition. We should stress that "microlocally" is always meant in this 
semi-classical sense in our paper. 

The operators in \E'/i(X) are bounded on uniformly in h. For future reference we also 
recall the sharp Garding inequality (see for instance pT] Theorem 7.12]): 

(3.5) aeS{T*X), a>0 ^ {a'"{x,hD)u,u)>-Ch\\u\\l2, ueL^{X), 

and Beals's characterization of pseudodifferential operators on X (see [TT], Chapter 8] and 
[m Lemma 3.5] for the Ss case) : 



(3.6) A G ^v(^) 



Here ad^ C = [B,C]. 



II ad^^ ■ ■ ■ ad^y, = 0(/i(i-^)^) 

VW,- GDiffi(X), j = l,---,iV, 
Wj = (a, hD^) + (6, x), a, 6 G M", outside Xq. 
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3.2. Assumptions on P{h). We now state the general assumptions on the operator P = 
P{h), stressing that the simplest case to keep in mind is 

P = -h^A + V{x) , V e C^iR"") . 

In general we consider 

Pih)e^H{x,{0'), P{h) = P{h)\ 

and an energy level > 0, for which 

P{h) = p'^ix, hD) + hp'^^x, hD- h), p,e SiT*X, (0') , 
(3.7) \^\>C ^ p{x,0>{OVC, p = E ^dp^O, 

3Ro, V M e C°°{X \ 5(0, Ro)) , P{h)u{x) = Q{h)u{x) . 

Here the operator near infinity takes the following form on each "infinite branch" M \ 
B{0,Ro) of X: 

\a\<2 

with ) independent of h for | h) G C^(]R") uniformly bounded 

with respect to h (here C^(M"') denotes the space of C°° functions with bounded derivatives 
of all orders), and 

aa{x)C > (l/c)|^|^ G , for some constant c> 0, 

l"l=2 

(3.8) 

aa{x; h)^°' — > , as |a;| oo, uniformly with respect to h. 

\a\<2 

We also need the following analyticity assumption in a neighbourhood of infinity: there 
exist 6*0 G [0,7r), e > such that the coefficients aa{x;h) of Q{h) extend holomorphically 
in X to 

{ rcj : G C" , dist(u;, S") < e , r G C , |r| > i?o , argr G [-e, 6^0 + e) } , 

with (13.81) valid also in this larger set of x's. Here for convenience we chose the same Ro as 
the one appearing in (13.71) . but that is clearly irrelevant. 

We note that the analyticity assumption in a conic neighbourhood near infinity auto- 
matically strengthens (13. 8p through an application of Cauchy inequalities: 

(3.9) dplj2a^ix;h)C-e] < l^r'^l /|/3|(|a:|) (0' , x — oo , 

\l"l<2 / 

where for any j G N the function fj{r) \ when r — > oo. 
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3.3. Definitions of liyperbolicity and topological pressure. We use the notation 

$*(p)=exp(tff,)(p), p=ix,OeT*X, 
where Hp is the Hamihon vector field of p, 

dcf ^ dp__d_ _ dp_d_ _ 

in local coordinates in T*X. The last expression is the Poisson bracket relative to the 
symplectic form u = Yl^=i ^ d,Xi. 

We assume p = p{x, ^ ) and E > satisfy the assumptions (13.71) and (13.81) of §3.21 and 
study the fiow $* generated by p on £e- The incoming and outgoing sets, F^, and the 
trapped set, Ke, are given by (11.51) and (I1.6P respectively. 

We say that the fiow $* is hyperbolic on Ke, if for any p G Ke, the tangent space to Se 
at p splits into fiow, unstable and stable subspaces [201 Def. 17.4.1]: 

i) Tp{Se) = RHp{p) © © E; , dim E^ = 1 

(3.10) zz) (Ej) = E± , VtGM 

m)3A>0, \\d^l{v)\\ <Ce-^^*^\\v\\, hi all v e Ej , ±t > 0. 

Ke is a locally maximal hyperbolic set for the fiow ^'If^,. The following properties are then 
satisfied: 

(3.11) 

iv) Ke ^ p I — > E^ C Tp(£e) is Holder-continuous 
v) any p G Ke admits local (un) stable manifolds W^^{p) tangent to E^ 
vi) There exists an "adapted" metric Qad near Ke such that one can take C = 1 in Hi). 

The adapted metric (/ad can be extended to the whole energy layer, such as to coincide with 
the standard Euclidean metric outside T^^^j^^^X. We call 

(3.12) E; © RHp{p) , E- © RHp{p) , 

the weak unstable and weak stable subspaces at the point p respectively. Similarly, we 
denote by W^^{p) (respectively W~^{p)) the weak unstable (respectively stable) manifold. 
The ensemble of all the (un) stable manifolds Vr^(yo) forms the (un) stable lamination on 
Ke, and one has 

T% = VJp^K,W^{p). 

If periodic orbits are dense in Ke, then the fiow is said to be Axiom A on Ke [S]. 
Such a hyperbolic set is structurally stable [20| Theorem 18.2.3], so that 

(3.13) 3(5 > 0, \/E' (^[E-5,E + 5], Ke' is a hyperbolic set for ^% 
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Since the topological pressure plays a crucial role in the statement and proof of Theorem 
[31 we recall its definition in our context (see [20l Definition 20.2.1] or [33l Appendix A]). 

Let d be the distance function associated with the adapted metric. We say that a set 
S C Ke is (e, t)-separated if for pi, p2 G <S, pi ^ p2, we have (i($* (pi), (P2)) > e for some 
< t' < t. Obviously, such a set must be finite, but its cardinal may grow exponentially 
with t. The metric g^d induces a volume form fl on any n-dimensional subspace of T(T*]R"). 
Using this volume form, we now define the unstable Jacobian on Ke- For any p G Ke, the 
determinant map 

A"t/$*(p)|^«:A"E;° — A"E+°^) 
can be identified with the real number 

(3.14) det (d$*(p) L+o) = ' , ^ 

where (wi, . . . ,f„) can be any basis of E^^ . This number defines the unstable Jacobian: 

(3.15) expA+(p)'='det(rf<|.*(p)|^«). 
From there we take 

(3.16) Zt(e, s) =%up J^exp (-sA;^(p)) , 

^ pes 

where the supremum is taken over all (e, t)-separated sets. The pressure is then defined as 

(3.17) Pe(s) =^ limlimsup -\ogZt{e,s). 

This quantity is actually independent of the volume form Q: after taking logarithms, a 
change in Q produces a term 0{l)/t which is irrelevant in the t ^ 00 limit. 

We remark that the standard definition of the unstable Jacobian consists in restricting 
$*(p) on the strong unstable subspace E^; yet, including the flow direction in the definition 
f l3.15p does not alter the pressure, and is better suited for the applications in this article. In 
§6.41 we will give a different equivalent definition of the topological pressure, more adapted 
to our aims. 

3.4. Definition of resonances through complex scaling. We briefly recall the complex 
scaling method - see [38j and references given there. Suppose that P = P{h) satisfies the 
assumptions of §3.21 Here we can consider h as a. fixed parameter which plays no role in 
the definition of resonances. 

For any 9 G [0, ^0]) let Tq C C" be a totally real contour with the following properties: 

V0 n -Bc"(0, -Ro) = -Bk"(0, -Ro) 5 

(3. 18) Ve n C" \ (0, 2i?o) = e^^M" n C" \ B^^ (0, 2i?o) , 
Te = {x + iFe{x) : x G M"} , d'^Fe{x) = O^O) . 
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Notice that Fq{x) = (tan6')x for |x| > 2Rq. By gluing Tg \ B{0, Rq) to the compact piece 
Xq in place of each infinite branch M" \ -8(0, Rq), we obtain a deformation of the manifold 
X, which we denote by Xg. 

The operator P then defines a dilated operator: 

where P" is the holomorphic continuation of the operator P, and is an almost analytic 
extension of m G C^{Xg) 

For 9 fixed and E > 0, the scaled operator Pg — E is uniformly elliptic in "^hi^e, (0^); 
outside a compact set, hence the resolvent, {Pg — z)~^, is meromorphic for z e D{E, 1/C). 
We can also take 6 to he h dependent and the same statement holds for z e D{E, 0/C). The 
spectrum of Pg with z G D{E, IC) is independent of and consists of quantum resonances 
of P. The latter are generally defined as the poles of the meromorphic continuation of 

{P-z)-^ ■ C^{X) ^ C~(X) 

from D{E,6/C) fl {Im^; > 0} to D{E,6/C) fl {Im^ < 0}. The resonant states associated 
with a resonance z, Kez E > 0, | Imz| < 6/C, are solutions to (P — z)u = satisfying 

3UeC^iQe) , ^^/= U Xg, 

(3.19) -e<e'<9+e 

u = U\x, ue' = U\x„, (Pg, - z)u'g = , < 9' < 9 , ug e L\Xg) . 

If the multiplicity of the pole is higher there is a possibility of more complicated states but 
here, and in Theorem HJ we consider only resonant states satisfying (P — z)u = 0. At any 
pole of the meromorphically continued resolvent, such states satisfying fl3.19p always exist. 
We shall also call a nontrivial ug satisfying {Pg — z)ug = 0, ug E L'^{Xg), a resonant state. 

If 9 is small, as we shall always assume, we identify X with Xg using the map, R : Xg —>■ 
X, 

(3.20) Xg3xi — ^RexGX, 

and using this identification, consider Pg as an operator on X, defined by {R^^yPgR*. We 
note that in the identification of L'^{X) with LF'{Xg) using a; ^— > Rex, 

C'^ \\u{h)\\L2(^X) < \\u{h)\\L2{Xe) < C \\u{h)\\L'2(x) , 

with C independent of ^ if < ^ < 

For later use we conclude by describing the principal symbol of Pg, as an operator on 
L^(X) using the identification above: 

(3.21) pe{x, = v{x + iFg{x), [(1 + «rfP,(x)*)]-'0 , 

where the complex arguments are allowed due to the analyticity of p{x, ^ ) outside of a 
compact set — see §3.21 In this paper we will always take 9 = 0{log{l/ h)h) so that 
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Pe{x,^) —p{x,^) = C(log(l//i)/i)(^)^. More precisely, 
Repe{x,0=Pix,0 + Oi9'){0\ 

lmpg{x,0 = -d^p{x,0[dF9{xy^] + dMx,0[Mx)] + Oie^){0'- 
In view of (13 .Sp and (I3.9p . we obtain the following estimate when |x| > Ro: 

(3.23) Imp,(x, = -2{dFeix)^, + 0(6 (/o(|x|) + /i(|x|)) + 9') {0' , 
where fj{r) ^ as r ^ oo. In particular, if i?o is taken large enough, 

(3.24) (x, e si, \x\ >2Ro^ lmpe{x, < -C9 . 

4. Semiclassical Fourier integral operators and their iteration 

The crucial step in our argument is the analysis of compositions of a large number — 
of order log(l//i) — of local Fourier integral operators. This section is devoted to general 
aspects of that procedure, which will then be applied in ^ 

4.1. Definition of local Fourier integral operators. We will review here the local 
theory of these operators in the semiclassical setting. Let k : T*M" T*M" be a local 
diffeomorphism defined near (0,0), and satisfying 

(4.1) k(0,0) = (0,0) , K*uj = uj. 

(Here u is the standard symplectic form on T*]R"). Let us also assume that the following 
projection from the graph of k, 

(4.2) T*M" X T*M" 9 (x\e';a;°,0 ^ e X M", {x\ = nix'' , , 

is a diffeomorphism near the origin. It then follows that there exists (up to an additive 
constant) a unique function ip G C°°(]R" x M"), such that for (x^,^°) near (0,0), 

The function ip is said to generate the transformation k near (0, 0). The existence of such 
a function ip in a small neighbourhood of (0, 0) is equivalent with the following property: 
the n X n block (|fo) in the tangent map dK{0, 0) is invertible. 

A local semiclassical quantization of k is an operator T = T{h) acting as follows : 

(4.3) Tuix') J J e^^^^^'^^'^+^'^^'^^'^a{x\e-,h)u{x')dx'de. 
Here the amplitude a is of the form 

L-l 

a(x, ^; /i) = ^ C(j{x, + aiix, ^■,h) , VL G N , 

j=0 

with all the terms, aj ,aL £ 'S'(l), supported in a fixed neighbourhood of (0,0). Such an 
operator T is a local Fourier integral operator associated with k. 
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We list here several basic properties of T - see for instance [iQl §3] and [HJ Chapter 10]: 

• We have T*T = hD), A e S(T*M"), 

(4.4) ^(^-(.■.o.a- |,^(f:;^)| +o.a,w. 

In particular, T is bounded on uniformly with respect to h. 
If T*T = I microlocally near U D (0, 0), then 

(4.5) \ao{x\^°)\ = \dettlj"i:{x\^^)\^ for (a;°, ^°) near ?7. 

• If a(0,0) 7^ then T is microlocally invertible near (0,0): there exists an operator 
5* of the form (14. 3p quantizing k~^, such that ST = I and TS = I microlocally near 
(0,0). 

• For 6 G 5(1), 

Tb'"{x,hD) = c'"{x,hD)T + OL^^L'^ih) , k*c = coK = h. 

Moreover, if a;(0,0) 7^ 0, then for any h G S{1) supported in a sufficiently small 
neighbourhood of (0,0), 

(4.6) Tb'"{x,hD) =c'^{x,hD)T, k*c = b + Os{i){h) . 

The converse is also true: if k, satisfies the projection properties (14.21) and T satisfies 
(14. 6 p for all b G >S'(1) with support near (0,0), then T is equal to an operator of 
the form (14. 3 p microlocally near (0,0). The relation (14.60 is a version of Egorov's 
theorem and we will frequently use it below. 

• For 6 G 5(1) we have 6"'(a;, hD) T = f + OL2^L'^{h°^), where f is of the form fOD 
with the same phase ip{x^,^^), but with a different symbol /?(x^,(^°; h) G 5(1). Its 
principal symbol reads [3o{x^,^^) = b{x^ , iIj'^{x^ , ^^)) ao{x^ , , and the full symbol 
j3 is supported in supp a. 

The proofs of these statements are similar to the proof of the next lemma, which is an 
application of the stationary phase method and a very special case of the composition 
formula for Fourier integral operators. 

Lemma 4.1. We consider a Lagrangian Aq = { {x,iPq{x)), x E Qq} , ipo E C^^Qq), con- 
tained in a small neighbourhood V C T*]R", such that k is generated by ip near V . We 
assume that 

(4.7) «:(Ao)=Ai = {(x,^;(x)), x G , ^1 G ^^(^^i) • 

Then, for any symbol a G C^{VLq), the application ofT to the Lagrangian state a{x) e'^fo{x)/h 
associated with Aq satisfies 

L-l 

(4.8) T{ae'^''^){x) = e'^^^")/'^ ( ^ 6,(x)/i^' + /iV(a;,/i)) , 

j=0 
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Figure 4. A schematic illustration of the objects appearing in Lemma [4. 1[ 
We labelled the and axes respectively by V j and Fj-, in order to represent 
also the more general case of (14.151) . 



•where the coefficients bj are described as follows. Consider the map: 

(4.9) Qi 3 X \—>- g{x) =^ TT o (a;, ip'i{x)) G Qq . 

Any point x^ G is mapped by g to the unique point x^ satisfying 

K{x\ip',{x')) = {x\if\{x')). 

The principal symbol bo is then given by 
(4.10) 

6o(a;i) = e'*/'^ , \detdg{x^)\'^ aog{x^), p^eR, 



^' = ^',og{x'), 



(4.11) 



|det<^(xi,e°)p 
and it vanishes outside Qi. Furthermore, we have for any i > 

\\bj\\ci{Qi) < Cf,j||«||c«+2j(f7o) 5 < j < L - 1 , 
ki(*7 ^)llc^(Ci) < C<?,L||a||c"^+2i'+"(Qo) ■ 
The constants Cej depend only on k, a, and sup^^ |c?^v^o|; for < \P\ < 2i + j . 

Proof. The stationary points of the phase in the integral defining T{ae^'^°^^){x^) are ob- 
tained by solving: 

xO = ij'^{x\^^) . 

The assumption (14. 7p implies, for x^ & Q^, the existence of a unique solution x^ = g{x^), 
C,^ = ^p'qO g{x^), and the nondegeneracy of the Hessian of the phase. One also checks that, 
after inserting the dependence x^{x^), C,'^{x^) in the critical phase, the derivative of the 
latter satisfies 

d,^{ij{x\e{x')) - {x\x'),e{x'))+M^'i^'))) = v'li^')- 



d,o^^o{^{x\e)-{x',e)+M^')) = o 



20 S. NONNENMACHER AND M. ZWORSKI 

This shows that the critical phase is equal to (fi{x^), up to an additive a constant. 

The stationary phase theorem (see for instance [THl Theorem 7.7.6]) now shows that (14.81) 
holds with 

(4.12) bo{x') = e'*/'^! det(J - V^f^(x\ o y^'^ix'W'^ a{x\ e°) a(x°) , 

j 

(4.13) bj{x^) = ^LJ■/(a;^L'a;,^)(tti-j'(3;^0«(a;))|^=co,x=xO • 

j'=0 

Each Lj{x, Dx^s) is a differential operator of order 2j, with coefficients of the form 

Pj-yix ) 



det(/ - ij'l^{x\e) ° ¥'o(a;°))3^' ' 

where Pj^ is a polynomial of degree < 2j in the derivatives of ip and (fo, of order at most 
2j + 2 (the right hand side of (14.121) can also be written as L^la a)). The remainder r^lx^; h) 
is bounded by a constant (depending on M and n) times 



( E|a|<2L SUPx,g l'9g,g(^(a^S - (a^, + M^)) ( E[a|<2L+n S^Px.g (a(x\ Oa(x)) |) 

Mx,^\dei{l -^lj'l^{x\i)o^l{x))\^L 

with similar estimates for the derivatives d^rL{*',h). The bounds (14. lip follow from the 
structure of the operators Lj, and the above estimate on the remainder. 

It remains to identify the determinant appearing in (I4.12p with the more invariant for- 
mulation in (14.1 op . The differential, dK{x^,C,^), is the map {6x^,6C,^) ^ {6x^,6C,^), where 

se = ^i^e + €M , 

and the are evaluated at (a;\^°). By expressing 5x^ , 5^^ in terms of 5^^ we get 



(4.14) dK(x",e 



The upper left block in this matrix is indeed invertible, as explained at the beginning of the 
section. From (I4.14p we also see that the restriction of dn to Ag followed by the projection 
vr is given by 

5x' ^ 6x' = {^ir\l - <5 o ^l){5x') . 
Hence, noting that g = n o o (ttIaJ^"'^ = (tt o k o (ttIaq)^^)^^, we get 

A ( - det^-;(a:\e°) 
^et^dg^x ))-det(/-^^'^(xi,e°)o^^'(xO))' 

which completes the proof of (14.100 . □ 
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We want to generalize the above considerations by relaxing the structure of k: we only 
assume that k, is locally a canonical diffeomorphism such that k{0,0) = (0,0). Without 
loss of generality, we can find linear Lagrangian subspaces, Tj, Tf C T*]R" (j = 0, 1), with 
the following properties: 

• is transversal to Tj (that is, fl = { })0 

• if 7ij (respectively Tcj-) is the projection T*]R" — > Fj along Tj-, (respectively the 
projection T*M" — > Tj- along F^), then, for some neighbourhood U of the origin, 
the map 

(4.15) k{U) xU3 iK{p),p) ^ 7t,{k{p)) X n^ip) G Fi x F^ 

is a local diffeomorphism. If we write the tangent map dn{p) as a matrix from 
Fq © Fq to Fi © F]^, then the upper-left block is invertible. 

Let Aj be linear symplectic transformations with the properties 

A^iV^) = {(x,0)} C T*R\ Aj{Tf) = {(0,0} C T*R\ 

and let Mj be metaplectic quantizations of A/s (see [H], Appendix to Chapter 7] for a 
self-contained presentation in the semi classical spirit). Then the rotated diffeomorphism 

(4.16) k = AiOKoAQ^ 

has the properties of the map n in Lemma [4.1[ Let T be a quantization of k as in (14. 3p . 
Then 

(4.17) T = M{^ofoMo 
is a quantization of k. 

By transposing Lemma 14.11 to this framework, we may apply T to Lagrangian states 
supported on a Lagrangian Aq, h{Aq) = Ai, such that ttj : Aj Tj is locally surjective, 
j = 0, 1. The action of k,~^ on Ai can now represented by the function 

(4.18) (7 = vroo/s:-io(7ri|Aj-i : Fi ^Fo. 

Finally, performing phase space translations, we may relax the condition k(0, 0) = (0, 0). 

4.2. The Schrodinger propagator as a Fourier integral operator. Using local coor- 
dinates on the manifold X, the above formalism applies to propagators acting on L^(X). 

Lemma 4.2. Suppose that P{h) satisfies the assumptions of ^3.2\ 

VomSi = p-\{E-6,E + 6)), xeS{l), x\si^ = l, V,C^\Vo). 
For a fixed time t > 0, let 

(4.19) U^it) expi-ttx'^ix, HD) P{h) x"(x, hD)/h) , 
-"^Here T-^ is not the symplectic annihilator of F - see for instance [TSl Sect. 21.2] 
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be a modified unitary propagator of P, acting on L^(X). 

Take some po e VoHSe, and call pi = <l>*(po) G Vi. Let /o : 7r(K)) K'', /i : rriV) M" 
be local coordinates such that /o(7r(po)) = /i(7r(pi)) = G M". T/iey induce on Vq, Vi i/ie 
symplectic coordinates 

(4.20) = {df.ixY)-'^ - , J = 0, 1 , 

where ^'•■'^ G zs fixed by the condition Fj(pj) = (0,0). Then the operator on L^(M"), 

(4.21) T«(t) = e-'<"'«*">/^ (/f 1)* f/^(t) (/o)*e'<-'«™)/'^ , 

is of the form f l4.17p for some choices of Aj 's, microlocally near (0, 0). 

Although comphcated to write, the lemma simply states that the propagator is a Fourier 
integral operator in the sense of this section. 

Sketch of the proof of Lemma \4 ■ 4 " The first step is to prove that for a G ^(l) with support 
in X = 1 we have 

(4.22) U^{t)-^a'"{x, hD)U^{t) = aj"(x, hD) , at = ($*)*a + Os(i){h) . 
This can be see from differentiation with respect to t : 

Since {i/h)[P,a'^] = {Hpat)"" + 0{h) we conclude that = [($*)*«]"' + OL2^L2{h). An 
iteration of this argument shows (I4.22p (see [131 Chapter 9] and the proof of Lemma 16.21 
below). The converse to Egorov's theorem (see [iQl Lemma 3.4] or [T3| Theorem 10.7]) 
implies that (14.191) is a quantization of microlocally near po x Pi- 

On the classical level, the symplectic coordinates Fq, Fi of fl4.20p are such that the 
symplectic map 

K = Fi o $* o satisfies /t(0, 0) = (0, 0) . 

Hence the operator T^(t) is a quantization of k, and can be put in the form (14.171) for 
some choice of symplectic rotations Aj, microlocally near (0,0). A possible choice of these 
rotations is given in Lemma 14.41 below. □ 

We will now describe a particular choice of coordinate chart in the neighbourhood Up of 
an arbitrary point p G Ke- Using the notation of the previous lemma. Up may be identified 
through a symplectic map Fp with a neighbourhood of (0, 0) G T*W^. This way, Lagrangian 
(respectively isotropic) subspaces in Tp{T*X) are identified with Lagrangian (respectively 
isotropic) subspaces in To(T*]R"). 

We now recall that the weak stable and unstable subspaces E^^ defined by f l3.12p are 
Lagrangian. The proof of that well known fact is simple: for any two vectors v,w & E'^, 
we have 

Vt G M, uj{v, w) = ^^*uj{v, w) = uj{^lv, $* w) . 
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By assumption, the vectors on the right hand side converge to zero when t — oo, 
which proves that strong unstable subspaces are isotropic. The same method shows that 
uj{v, Hp) = 0, so weak unstable subspaces are Lagrangian. The same results apply to stable 
subspaces. Besides, the isotropic subspace E~ is transversal to the Lagrangian so the 
tangent space to the energy layer Se at p is decomposed into TpSE = © E~. 

Lemma 4.3. Take any point p G Ke- As above, we may identify a neighbourhood Up C 
T*X of p with a neighbourhood of (0,0) G T*M."'. The tangent space Tp{T*X) is then 
identified with Tq{T*W) = T*W\ 

The space T*]R" can be equipped with a symplectic basis (ei, . . . , e„; /i, . . . , /„) such that 
Ci = Hp{p), = span{e2, . . . , e„} and E~ = span{/2, . . . , /„}. We also require that 
^p(ei A ■ ■ ■ A Cn) = I, where Q is the volume form on E^^ induced by the adapted metric 
QaA (see vi) in (I3.1ip ). The two Lagrangian subspaces 

V'^E;'^ and V^^^E^Q^fi 

are transversal. Let us call {iji, . . . , yn, Vi, ■ ■ ■ , Vn) the linear symplectic coordinates on T*]R" 
dual to the basis (ei, . . . , e„; /i, . . . , /„). 

There exists a symplectic coordinate chart {y^rf) near p = (0,0), such that 

(4.23) rji=p-E, — (0,0)=e, and —(0,0) = /,, i = l,...,n. 

Such a chart will be called adapted to the dynamics, {y, rj) is mapped to {y, fj) through a 
local symplectic diffeomorphism fixing the origin, and tangent to the identity at the origin. 

Proof. Once we select the Lagrangian F = E^^, with the isotropic E~ plane transversal to 
r, it is always possible to complete E~ into a Lagrangian F-*- transversal to F, by adjoining 
to E'p a certain subspace Mf . Since F © F-*- spans the full space T*]R"', the vector v must 
be transversal to the energy hyperplane TpSs- 

Since we took ci = Hp{p) we can equip E'^ with a basis {e2, . . . , e„} satisfying flp{ei A 
62 A ■ ■ ■ A Cn) = 1. There is a unique choice of vectors {/i, . . . , /„} such that these vectors 
generate F-*- and satisfy uj^fi, Cj) = 6ij for all i, j = 1, . . . ,n. The property uj{fj, ci) = for 
j > 1 implies that fj is in the energy hyperplane, while u;(/i,ei) = dp[fi) = 1 shows that 
p{{y, fj)) = E + fji + 0{fil) when fji — > 0. 

From Darboux's theorem, there exists a (nonlinear) symplectic chart (|/^^7^) near the 
origin such that r]\ = p — E. There also exists a linear symplectic transformation A such 
that the coordinates {y,!]) = A{y^,T]^) satisfy r]i = r]\ as well as the properties fl4.23p on 
To(T*M"'). The last statement concerning the mapping {y,f]) ^ {y,Ti) comes from the fact 
that the vectors d/diji, d/dfji satisfy f l4.23p as well. □ 

Lemma 4.4. Suppose that P satisfies the assumptions of ^3.2\ and the hyperbolicity as- 
sumption (13.101) . Fixing t > and using the notation of Lemmas and \4.3\ we consider 
the symplectic frames Vq®Tq andVi®T^ , constructed respectively near pq and pi = $*(po)- 
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Then, the graph of $* near pi x po projects surjectively to Ti x Tq (see fl4.15p ). This 
implies that the operator (14.211) can be written in the form (14.171) . where the metaplectic 
operators Mj quantize the coordinate changes Fj{x,^) ^-^ {y^^fj^), while T{t) quantizes $* 
written in the coordinates {y^ifp) ^ {y^,fj^). 

The symplectic coordinate changes (y^jfj^) {y-',ri^) can be quantized by Fourier integral 

operators Tq, Ti of the form (14.30 and microlocally unitary. If we setUj =^ TjoMj, j = 0, 1, 
the operator (14.211) can then be written as 

(4.24) T^{t) =U*oT{t)oUQ 

microlocally near (0,0), where T{t) is a Fourier integral operator of the form (14. 3 p which 
quantizes the map $*, when written in the adapted coordinates {y'^,r]^) {y^,ri^). 

Proof. We may express the map $* from Vq to Vi using the coordinate charts (y", 1]^) on 
Vq, respectively [y^^r]^) on Vi. The tangent map (i$*(po) is then given by a matrix of the 
form 

/I 
A 

\0 

Since the full matrix is symplectic, the block. 



(4.25) 



rf$*(po) = 



\ 




'A-^J 



1 
A^ 

is necessarily invertible: this implies that the graph of $* projects surjectively to Fi x Vq 
in some neighbourhood of pi x po. Equivalently, if we represent near pi x po as a map 
k in the "linear" coordinates {y^,fj'^) and {y^,'rj^), the graph of k projects surjectively to 
{y^,f]^), so that the operator T(t) = Mi o T^(t) o Mq^ quantizing k can put in the form 
(14. 3 p near the origin. 

For each j = 0, 1, the tangency of the charts {y^ , fj^) and (y-^, rj^) at the origin shows that 
the graph of the the coordinate change {y^ ,fj^) ^ iV'^jV'') projects well on {y^,fi^), so this 
change can be quantized by an operator Tj of the form (14. 3p . microlocally unitary near the 
origin. The operator T(t) = Ti o Mi o T''(t) o Mq o Tq* quantizes when written in the 
coordinates {y^,if) {y^,ri^), and can also written in the form (14.31) near the origin. □ 



4.3. Iteration of the propagators. Later we will compose operators of type U{to)Ila, 
where FIq is a microlocal cut-off to a small neighbourhood Wa C In view of Lemma 
14.21 the estimates on these compositions can be reduced to estimates on compositions of 
operators of type (14. 3p . The next proposition is similar to the results of Section 3]. 

We take a sequence of symplectic maps (Kj)j=i j defined in some open neighbourhood 
V C T*]R" of the origin, which satisfy (14. 2p . Now the Kj do not necessarily leave the 
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origin invariant, but we assume that Kj(0,0) C V for all i. We then consider operators 
(Tj)j=i^...^j which quantize in the sense of (14 .Sp and are microlocally unitary near an open 
set U (£ V containing (0, 0). Let C be an open set, such that U (s T*Q, and for all i, 

Ki{U) m T*n. 

For each i we take a smooth cutoff function Xi ^ C.'^iP ; [0, 1]), and let 

(4.26) S.''^xr{^.hD)oT,. 

We now consider a family of Lagrangian manifolds = { (x, ; x G f2 } C T*]R", 

/c = 0, . . . , sufficiently close to the "position plane" = 0}: 

(4.27) Wk\<^, |<9°¥?fc|<C„, {)<k<N, aeW. 

Furthermore, we assume that these manifolds are locally mapped to one another by the 
Kj's: there exists a sequence of integers {ik G [1, J])k=i,...,N such that 

(4.28) fi:i,^,(Afcnf/) C Afc+i, A; = 0, . . . , AT - 1 . 

We want to propagate an initial Lagrangian state a{x) e^^«(^)/'^, a G C^{Vt) through the 
sequence of operators Si,,, k = 1, . . . , N. 

At each step, the action of h^^^Ia^ can be projected on the position plane, to give a map 
Qk defined on 7rKj^(f/) C Q : 

(4.29) Qkix) = vr o K-^{x, (fHx)) . 

For each x = x^ G Q, we define iteratively x'^"^ = gk{x''), k = N, . . . ,1: this procedure is 
possible as long as each x'' lies in the domain of definition of gk- Let us state our crucial 
dynamical assumptions: we assume that for all such sequences (x^, . . . , x°), the Jacobian 
matrices, dx^ /dx\ are uniformly bounded from above: 



dx^ 




dx^ 





d{g^^^ o g^^"^ o ■ ■ - o g'-j ; 



<Cd, 0<k<l<N. 



^ ^ dx^ dx'- ' 

where Cd is independent of A^. This assumption roughly means that the maps gt are 
(weakly) contracting. 

We will also use the notations 

k 

(4.31) Dk = sup I det dgk{x) 1 2 , Jfc =^ JJ Dk' , 

and assume that the are uniformly bounded: 1/Cd < Dk < Cd- 

We can now state the main propagation estimate of this section which describes an 
A^-iteration of Lemma 14.11 

Proposition 4.1. We use the above definitions and assumptions, and take N arbitray 
large, possibly varying with h. 
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Take any a G C^{il), and consider the Lagrangian state u = ae*'^°/'^ associated with the 
Lagrangian Aq. 

Then we may write 

L-l 

(4.32) (^., o . . . o S,,){a e^'^"/'^) (x) = e"^^^^^/^ ( ^ af{x) + h'^R^ {x, h)) , 

j=0 

where each af G C~(fi) zs independent of h, while G C°°((0, 1],„5(M")). 
If G VL defines a sequence (see (14.291) ) x^'"^ = gk{x^), k = N, . . . ,1, then 

N 

(4.33) |a^(x^)| = [l[x^,{x^^',{x')) \ det dgk{x'')\^^) \a{x')\ , 

k=l 

otherwise aj^(x^) = 0, j = 0, . . . , L — 1. ^4/50, we have the bounds 



(4.34) WafWciin) < C,,, Jn {N + 1)'+'^ ||a||c^+2.(f,), j = 0, . . . , L - 1, £ G N , 

AT 

(4.35) IK |U2(Kn) < Cl ||a||c2^+.(n) (1 + Co/i)^ Jk • 

fe=i 

r/ie constants Cj^i, Cq, depend on constants in f l4.27p and on the operators (5'j)j=i^,..^j. 
A crucial point in the above proposition is the exphcit dependence on A^. 



Proof. The proof of the proposition consists by iterating the results of Lemma [4. ![ keeping 
track of the bounds on the symbols and remainders. 

For each i, the operator Si = xT can also be written in the form (14. 3p . up to an error 
Oi2^i2{h'^), with the symbol a*(x^,^°;/i) replaced by /9*(x^, /i) of compact support, 
and principal symbol Pq{x^, = Xi{x^ ^ i^'i xi^^ y ^^)) Q^o(^^5 ^°)- From the unitarity of Tj, 
satisfies (14.51) near f/; as a result, when applying Si to a Lagrangian state as in Lemma H?T| 
the first ratio in (I4.10p should be replaced by Xi(a;^,^^). 

To abbreviate the formulas, we set 



fkix) = e^/3'=/^^^'=W x.,(x, ^',(x)) I det dgkix)\K k = l,...,N.^ 

where using unitarity (14. 5p . 

r / Oioix,^'^_-^{gk{x))) 

exp(«7fc(xjj = . 

I det <^^(x,<^'fc_i(c/fc(x)))|2 

We will also use the short notation 

</= ll<llc^(n), j=0,...,L-l, £gN. 



QUANTUM DECAY RATES IN CHAOTIC SCATTERING 27 

We first analyze the principal symbol (x). The formula (14.101) and the definition of fk 
give 

(4.36) a^(x^) = /^(x^)ao^-i(x^-i), 

which by iteration yields (14. 331) . From ||/fc||co < Dk the recursive relation (14.361) also implies 
the bound Qqq < Jn ||«||co- 

To estimate higher norms we differentiate (I4.36P with respect to x^: 



dttQ _ dx^ ^ dttQ ^ dfN N~ifN-u 



dx^ ' ' ' dx^ 9x^-1 dx^ 
(to simplify the notation we omit the subscripts corresponding to the coordinates in = 
)). Since we already control a^g \ and the norms H/atUci are bounded uniformly 
in A^, the above expression can be schematically written as 

with an implied constant independent of A^. Applying this equality iteratively to da^/dx^ 
down to A; = 0, we obtain 

da^ _ r r r ^x^ ^a^ 

(dx^~^ dx^~'^ dx^ \ 

Jn-1 + Jn q^j^ Jn-2 + +fNfN-l Q^j^ Jn-3 + • • • + JnIn-I " " " ^2^^ 1 Ikllco • 

Notice that Oq = a. Using the uniform bounds for the Jacobian matrices and for the 
Dk, this expression leads to 

^ 7 

ao^ <CJn \\a\\ci + C||a||co V < Co,i Jn {N + 1) ||a||ci • 

k=l 

The same procedure can be applied to higher derivatives of Qq : since H/atHc^ is uniformly 
bounded, the chain rule shows that the ith derivatives of (14.361) can be written 

(dx^y ~ '\ dx^ J (9x^-1^^ + ■ 



Assume we have proven the bounds (I4.34p for the aQ^_^, k = 0, . . . ,N. Iterating the above 
equality from k = N — 1 down to A; = yields the following estimate for d^a^ / {dx^Y 

(4.37) 



{dx 
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Using the uniform bounds (I4.30p for and Df^, we get 



N 



a, 



& < C, \\a\\c^ + C \\a\\c^-. -f k'-^ < Co,i Jn {N + 1)' \\a\\ci 



k=i 



We can now deal with higher-order coefficients a^, by double induction on j and A^. 
Above we have proved the bounds for j = and all A^. Assume now that, for some j > 1, 
we have proved the bounds fl4.34p for for all j' < j , i > and all A^ > 1. By induction 
on A^ we will prove the bounds for that j and all A^. 



Applying Lemma WA\ term by term to ^ = X]j=o ^^^j ^^^l ' that each 

'fr\ < f < j, and not on 



component af depends on the components ^, < j' < j, and not on ^. More 



precisely, from (14.131) we get 



i'=0 

(4.38) ' 

i'=l l7l<2i' 

As explained in the proof of Lemma 14. 1\ the functions r^^(x) can be expressed in terms 
of and (fN-i- From the assumptions on the latter, the norms, ||rj^||(7£, are bounded 
uniformly with respect to A^, so fl4.38p implies the following upper bound: 

j 



(4.39) afo < af,^ + C a 2,., 



i'=i 



(4.40) < afo'' + C Jn-i 



(4.41) < D^af^,' + Cj Jn^iN''-' \\a\\c2, . 

This inequality can be used in an induction with respect to A^, starting from the trivial 



a°g = 0. Assuming a^Q ^ < Cj^ Jn-i N^'' II^IIc^j for some Cj^ > 0, we obtain 



(4.42) af^, < C,,o Jn{N'^ + N^''') . 

The constant Cj^ can be chosen large enough, so that the brackets are smaller than 
A^^-' + SjN^^"^ < {N + l)^-', which proves the induction step for aj^o- 

Once we have proved the bounds for the sup-norms of the symbols aj^, we can estimate 
their derivatives by induction on i, as we did above for the principal symbol . Assume 
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that we have proved the bounds fl4.34p for all a^^, iV>l,0</<£ — 1. If we differentiate 
f l4.38p £ times with respect to , we get 

{dx^y ~ \ dx^ J {dx^-^y ^ ^^""i'^-i + " 

where the implied constant depends on the bounds on ||rj!^||(7f. Taking into account what 
we already know on aff_}i and a^Sf£+2j'^ ^^^^ takes the form 



{dx^y ~ dx^ ) {dx^-^y 

Applying iteratively this equality to d^aj /{dx^y down to = 1 (as in fl4.37p ) and using 
a°(x) = 0, j > 0, we find: 



From the uniform bound f l4.30p and H/fcHc" ^ D^, this gives 



af 1 < C Jiv V — < Cj^i Jn N^^^^ for a certain C^^^ > . 

k=l 

This proves the induction step i — 1 —>■ i, so that we now have proved the bounds for a^^ 
for all > 1, £ > 0. This achieves to show the induction step on j, and fl4.34p . 

To estimate the remainder {x, h) we define r^]^(x, h) by 

= e'^'=/'^(aS+^ + + ■ ■ ■ + /i^-'a^+\ + ^)) • 

Due to the cutoff xf^ the remainder will be (!?((/;./(/;, + supp))°°) outside vrsuppxi, so 
it is essentially supported inside fl. On the other hand, from Lemma [4. II and the estimates 
l^iM), we get 

L-l L-1 

i=o i=o 
< CL,i Jk {k + 1)3^+^+" \\a\\ci+^+2L . 

In particular, 

(4.44) ||r^+i(., < Jfe (A; + l)3^+"||a||c2.+n . 



30 S. NONNENMACHER AND M. ZWORSKI 

The remainder R^{x, h) can now be written as 

k=l 

Since we assumed that T/s are microlocally unitary on the support of Xj's, and that 
< Xj < 1; we have from the sharp Garding inequahty: 

\\Sj\\L'2(M.^)-^L^(Rn) < 1 + Coh . 

The above formula for and fl4.44p give the estimate (14.351) . □ 

Remark 4.1. We can also obtain slightly weaker pointwise estimates on in place of 
the estimates of fl4.32p . In fact, since Xj's are compactly supported we have 

/i2+^ II-Rl llccR") < Ci \\R^\\ffi^ < C'^ II-Rl IU2(R") , 

and hence 

N 

\\Rl ^)llc^(M") < h-^-' l|a||c2.+n (1 + Cohf ^'"'^^ ■ 

k=l 

5. Classical Dynamics 

In this section we analyse the evolution of a family of Lagrangian leaves through the 
classical flow. We will check that these Lagrangians (which remain in the vicinity of the 
trapped set) stay "under control" uniformly with respect to time. Eventually, this uniform 
control, which implies that the conditions (14.271) hold, will allow us to apply Proposition l5.ll 
in gZl 

5.1. Evolution of Lagrangian leaves. 

5.1.1. Poincare sections and Poincare maps. We describe the construction of Poincare 
sections and maps associated with the flow $* on Se in the vicinity of Ke- This construction 
will be used in the next section. 

Take po G Ke- We use an adapted coordinate chart {y'^.rp) centered at po = (0,0) to 
parametrize the neighbourhood of po in T*X, with properties as described in Lemma [4.31 
To keep in mind that 

= span 1^(0), 2 = 2,...,n}, 

(and similarly for -Ep^), we keep the "time" and "energy" coordinates ?/°, 77°, but rename 
the transversal coordinates as 
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For any small e > and using the Euclidean disk = {u E ^, \u\ < e}, we define a 
neighbourhood of po as the polydisk 

(5.1) Uo{e) ^ { < e, |r^?| < S, e D,, e D,} . 

Here 6 > corresponds to an energy interval where the dynamics remains uniformly hy- 
perbolic, as mentioned in (13.131) . The intersection Uo{e) fl £e is obtained by imposing the 
condition rji = 0, and a Poincare section Sq = ^o{£) transversal to the flow is obtained by 
imposing both 77° = and y1 = 0. The chart (m", s°) on Sq is symplectic with respect to 
the induced symplectic structure on Sq. 

Let us assume that the point $^(po) belongs to a polydisk Ui{e) constructed similarly 
around a certain point pi G Ke, using an adapted chart {y^,!]^). As a result, the Poincare 
section Si = {yl = rjl = 0} will intersect the trajectory ($*(po))|s-i|<e at a single point, 
which we call p'^. The Poincare map k is defined, for p G So(£:) near pq, by taking the 
intersection of the trajectory ($*(p))|t_i|<e with the section Si (this intersection consists of 
at most one point). This map is automatically symplectic. In general, the strong (un)stable 
spaces E"^ are not exactly tangent to Si, but close to it: they form "angles" 0{e) with the 
intersections. 

Furthermore, since the (un)stable subspaces are Holder continuous with respect to 
p e K^, with some Holder exponent 7 > 0, and d{p'Q, pi) < e, the subspaces E^ form 

"angles" 0{e^) with Ep_^. The tangent map dK{po) maps E^^ to Ep^. Hence, using the 

coordinate frames {(m°,s°)} on Sq (centered at po) and {{u^,s^)} on Si (centered at pi), 
the symplectic matrix representing d^lpo) can be written in the form 

(5.2) dK(p„).(;; : 

where the second matrix on the right has uniformly bounded entries. From the assumptions 
fl3.10p on hyperbolicity, for e small enough there exists 

(5.3) p = e-^ + 0{e^) < 1 
such that the matrix A satisfies 

(5.4) \\A-^\\ < V and < z/ , 

where is computed using the norms on Tp^So, TpJ^\ induced by the adapted metric 

5'ad (see §3.31) . By extension, in the neighbourhood C Sg where it is defined, h, takes the 
following form in the coordinates (m°, s*^) i— > (m^, s^\. 

(5.5) /s:(u°,s°) = (n\si)(p[,) + (AM° + a(M°,s°), + /9(u°, s°)) , (u°, s°) G V , 
and the smooth functions a, /? satisfy 

(5.6) «(0, 0) = /5(0, 0) = 0, ||a||ci(y) < Ce\ W\Wiy) < Ce^ . 
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5.1.2. Evolving Lagrangian leaves. Given e > 0, one can choose a finite set of points 
(pi G KE)iei, adapted cliarts {y\ri^) centered on pi, sucli tliat tlie polydisks Ui{e) = 
{\yi\ < £, \r]{\ < 5, E De, G -De } form an open cover of K^: 

(5.7) K'^c\JU,ie). 

For some index iq G /, let A = Aj'^^, C Ui^^^) fl f^^; be a connected isoenergetic Lagrangian 
lea^. For any t > we call A* = $*(A). 

We consider a point po ^ A, and assume that there exists an integer iV > such that, 
for at each integer time < /c < iV, the point pk = ^^{po) belongs to the set Uij^{e) for 
some ik G /. We then call K^^^ the connected part of {U\s\<£^^ h.^) fl Ui^{e) containing pk. 

We may use the symplectic coordinate chart {y^^^rj^'') to represent Af^^. Being contained 
in a single energy shell Ee-, the Lagrangian leaf K^oc is foliated by flow trajectories (bichar- 
acteristics). It can be put into the form 

(5.8) A = U\,\^e^\S^) , 

where S'^ = Af^^ fl Sj^. is an n — 1-dimensional Lagrangian leaf in the symplectic section 
Sj^(e) = Ui^{e) n {yl'' = rf^ = 0} (see Fig. [5] for a representation of the above objects). 

We will be interested in Lagrangian leaves which are "transversal enough" to the sta- 
ble subspace E~^, and can therefore be represented by graphs of smooth functions in the 
adapted charts: 

(5.9) At^{{f\v'') ■■ v'' = F\y''^)} . 
The intersection S'^ = Af^^, fl Sj^, is then also given by a graph: 

S'' = { {u'\s'') : s^^ = f{u''), u'^ G } , 
and (15.81) implies that F^{y'''') = (0, /''(«*'=)), so that (15.91) takes the form 

(5.10) AL = { iy\\u'^;0,f{u'^)), |yM < e, u'^ e D,] . 

Convention: In the rest of this section the norm || • || applying to an object living on 
Sj^ = Ds y. Ds corresponds to the Euclidean norm on Tp. T,ii^ relative to the adapted 
metric QadiPik)- The same convention applies to the norm || • || of a linear operator sending 
an object on Ej^, to an object on Sj^.^^ (or vice- versa). 

The following proposition (similar to the Inclination Lemma of [20l Proposition 6.2.23]) 
shows that, if e has been chosen small enough and A is "transversal enough" to the stable 
manifolds (that is, in some "unstable cone"), then the local Lagrangian leaves Ajj^^ remain 
in the same unstable cone, uniformly with respect to k = 0, . . . ,N. 



'Here and below, a leaf is a contractible submanifold with piecewise smooth boundary. 
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Proposition 5.1. Fix some 71 > 0. Then there exists e^-^ > such that, provided the 
diameter e G (0,5^ J, the following holds. 

Suppose the Lagrangian A = A^^^ G Se r\ Ui^le) is the graph of a smooth function in 
the adapted frame {y^° , rj^'^) , and is contained in the unstable 7i-cone.- 

Al,^{iyT,u'';Oj'^iu'')), ^ < s, u'^^ e D,} , with sup < 71 • 

i) Then, for any < k < N , the connected component Af^^ C Ui^{e) containing pk is 
also a graph in the frame (y** , r^** ) , and is also contained in the unstable 71-cone; 

Ai,^{{yry^-^j\u''')), \yr\<e, u'' e D,] , with sup \\df\u'>')\\ < . 

a) For any integer i > 2 and 7£ > 0, we may choose e > small enough such that, if f^ is 
in the unstable •ji-cone and satisfies ||/°||c< < le, then 

(5.11) Wk = 0,...,N, \\f'\y^D.)<7e- 

Hi) From the above properties, near po the map $^|a can be projected on the planes 
|^«o — Qj |j^«jv = Qj^ inducing a map y^° h-> y^^ . 

In the case where the sets Uif,{e) contain a trajectory in K^, (so these sets may be 
centered on pi^ = ^^{pi^^)), the projected map y^° \—>- y'''^ satisfies the following estimate on 
its domain of definition: 

= + """P (A^^(P J)- 

Here is the unstable Jacobian given in (I3.15p . The crucial point is that the implied 
constant is independent of N . 

Proof. We follow the proof of the stable/unstable manifold theorem for hyperbolic flows 
[2D1 Thm 6.2.8 and Thm 17.4.3]. 

For each k = 0,. . . ,N, the Poincare section Sj^. does generally not contain p^, but it 
contains a unique iterate p'^ = ^^Pk for some s G (—£,£:). The Poincare map from 
Vfc C to will satisfy Hk{pk) = p'k+v 

Since d{pi^, p'f?j < e and (^(Pifc+i, Pfc+i) < ^, there exists C > 1 such that the extended 
Poincare map from to Sjj.^^(Ce) sends pi^. to a point p-^ G Sjj.^^(Ce). We are thus 

in the situation of §5.1.H with po, Pq, pi being replaced by pj^., p[^ , pj^.^^ (see Fig. [5]). In the 
charts («**=, s**^) h-^ s^'^+i), the map tik takes the form 

(5.12) >^k{u'\s'^) = (M^'=+^S^'=+0(PU + [AkU^' + &k{v'\s'''), +~^k{u'\s'^)) , 

where ||y4^^||, ||*A^^|| < and the smooth functions ak, Pk satisfy (15.61) . It is convenient 
to shift the origin of the coordinates (u**, s**^) (respectively (ti*'=+^, 5**+^)) such as to center 
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them at p'^ (respectively at p^+i). We call the shifted coordinates {u ,s ) (respectively 



u 



k+l „fc+l 



s "'" )). In these shifted coordinates, we get 



(u\s')eVk. 



(5.13) Kk{u', s') = {Aku' + a,{u', + Pk{u', s')) , 

The shifted functions ak, Pk still satisfy fl5.6p . where V = Vk corresponds to the neighbour- 
hood of p'j^ where Kk is defined. 




Figure 5. Illustration of the objects appearing in the proof of Proposi- 
tion 15.11 The local Lagrangians Af^^^,, A^J^^ appear in light blue, and are 
foliated by bicharacteristics. The axes around p^^., p^^.^^ represent the stable 
and unstable subspaces E"^ on those points. The axes around p[ = Hkip-. 



are the projected subspaces E^,. 



After fixing the coordinate charts, we can study the behaviour of the intersections 5''^ = 
Af^j, n Sfc when k grows. We are exactly in the framework of [201 Theorem 6.2.8], and we 
will use the same method to control the . 

We first show that, if e is chosen small enough, the unstable 71-cone in is sent by t^k 
inside the 71-cone in S^^^. Let us assume that 

= {{u\ f\u''))} , sup IM/ll <7i. 
The projection of Kfcl^fc on the horizontal subspace reads: 



(5.14) 



u 



so by differentiation we get it is uniformly expanding from some neighbourhood D'^ C 
to D,: 



(5.15) 



du''+^ = + ^ + = Afc + Oie^l + 71)) 
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The property ||y4^ ^|| < z/ < 1 shows that, for e'''(l + 7i) small enough, this map is uniformly 
expanding. Hence, this map is invertible, and its inverse, 

(5.16) ■ ■■'^"-s-^^ 

is uniformly contracting: 



u 



u 



(5.17) 



\\dh+i{u'^')\\ 



< 1^1 , 



u 



k+1 



with ui = u + Ca{£'^{l + 7i)) < 1. As a result, since gk+i{0) = 0, we have 



\u 



\9k+i{u' 



k+l-s 



< z/i lln 



fc+ii 



u 



k+1 



We also see that the intersection 5''^"*'^ = /tfc(5''^) can be represented as the graph S 



k+1 



{ 



U 



k+1 jk+l(^,k+l 



U 



'^)), u^^^ G -De } in the coordinates centered at p'^j^i-, with the explicit 



9k+i{u 



expression 

(5.18) f^\u^+') = %'f\u^) + A(«^ f\u^))^ u'+' e D,, u- 
Differentiating this expression with respect to u^^^ leads to 

Since for e small enough we have uniformly 



fc^-l^ 



'A-' + dsf3\u'j\u' 



< 



^2 



V + Cpe< < 1 



the above Jacobian is bounded from above by 

gjk+l 



< yi {^211 + Ce"<) . 



Q^k+l 

If e > is small enough, the above right hand side is smaller than z/271. We have thus proved 
that the 71-unstable cones in are invariant through Kk, which proves the statement i) 
of the proposition. 

Let us now study the higher derivatives of the functions f'', obtained by further differ- 
entiating (15.181) . We use the norms 

\\f\\ci^v)= max sup ||9"/(m)|| , 

and will proceed by induction of the degree £ of differentiation. Let us assume that for some 
£ > 2, there exists 7£_i such that all functions /*^, < k < N, satisfy ||/'^||c<^-i < 7£-i- 
Above we have proved this property for £ = 2. By differentiating £ times (15.181) . we get 

gejk+i f du^ Y ^ ^fc. d^f 



jk+l 



{du 



k+i\e 



< 1^11^2 



£ ck 



{du 



+ \\PeAdf,...,d'-'f) 
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Here Pi^k is a polynomial of degree i, with coefficients uniformly bounded with respect to 
k and u'' G D^. Using the assumption ||/''Hc«-i < ■ye-i, there exists Ce-i{'ye~i) > such 
that the following inequality holds: 



< l^i V2 



If we now choose 7^ > such that 



+ Q_i(7£_i) 



7£ > max 



g£-i(7 

Z/2(l - v{ 



% 7.-1, iiriic^) 



we check that the condition H/'^llc* < 7£ implies that HS^/'^^^IIco < ^2li- Hence, all 
functions f'', < k < N, satisfy ||/'^||c'f < 7^, which proves statement ii). 

The important point in iii) is the uniformity of the estimate with respect to A^. To prove 
such a uniform estimate, one needs to analyze the trajectory {p'i.)k=o,...,N with respect to 
the "reference trajectory" (pj^.). It is useful to replace the coordinates {u^^.rf^) on E**= by 
coordinates ({t^, s^) with the following properties. We define the local (un) stable manifolds 
on the Poincare sections: 

The new coordinates (u*^, s^) satisfy: 

iy+ = 0), e DJ, W, ^ {(0, t), t e z^J, 

5*=) = s**-) + s^'^f) near the origin, 

and they need not be symplectic. In these coordinates, the Poincare map '■ S**^ 
has a more precise form than in fl5.13p : we can still write it as 

but the smooth functions a^, jSk satisfy more constraints than before: 

0^(0,5'^) = /5fc(M^0) = and rfafc(0, 0) = rf/3fc(0, 0) = . 

This shows that, near the origin, ak{u'',s'') = 0(^\\u''\\ + Hm^H and similarly for 
Using these coordinates, we can show that most of the points along the trajectory (p'^) are 
very close to the reference points {pi^)- If we call (£t'^, S'^) the coordinates of p'^ G S^, we 
have 

U^+l = j^^^k ^ ^^^~k^ ~k^ ^ ^^~k ^ (^^^ II ~fc||) ^ 

~k+i ^ t^^i~k ^ ^^^~k^ ~k^ ^ t^-i~k ^ (j^^ II ~fc||) _ 

Taking into account the fact that ||£t^|| < Ce and < Ce, for e small enough there 
exists = p + 0{e) < 1 such that 

llwi < Cez/3^-^ \\t\\<CE4, k = 0,...,N. 
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These estimates prove that, if N is long, the points pj, for A; ^ 1, — /c ^ 1 are close to 
Pij.. The tangent of the map u'' i— > u'^'^^ induced by projecting Hkls'' the planes {s = 0} 
is given as in (15.151) by 

To obtain the last equality we used the fact that ||c(/^|| is uniformly bounded, as shown 
above. The tangent of the map obtained by projecting kat-i o • • • o kqUo on the planes 
{5 = 0} then reads 

Af-l Af-1 

n {a, + o{\\u'\\ + ws'w)) = n (^^ + (^^3^"' + ^^3))) 



k=0 k=0 

N-l N-l 

k=0 k=0 

The determinant of the last factor is of order 1 + 0{6), so we deduce 
(5.19) det (^) = (1 + 0{e)) det ( J] A,) . 

fc=0 

We then recall that the change of variables (tt^, s'^) ^ s"*') is close to the identity: 

= / + 0(e). 

As a result, the estimate fl5.19p applies as well to the Jacobian of the map kat-i o • ■ ■ o kqI^o, 
projected in the planes {s*'' = 0}, {s*'^ = 0}, which we denote by det((9ti*^/9M*°). 

We now consider the map y^^ ^ y^^ induced by projecting $^|ao on the planes {r^*" = 0}, 
l^jjv = 0}. From the structure of the adapted coordinates, the tangent to this map has the 
form 

dy'o ) ~ [o [du'^ / du''') ^ 
so the estimate (15.191) also applies to det{dy^^ /dy'^°). 

Finally, we remark that if we take A = W'^'^ , then the tangent map at po = Pro is given 

by 

fc=0 

Hence in this case we find 

T-r dv^^ 

det {\{Ak)= det(^) = det (o?$^Ie+o) = exp(A+(p,J) . 

A;=0 ^ '° 
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For the second equality we have used (13.141) and the fact that, for each k, the adapted 
coordinates satisfy fl{d/dy\'' A ... A d/dyll^) = 1 at the origin (see Lemma I^l3i) . □ 

Remark 5.1. Due to structural stability, the results of Proposition [5TT] apply to Lagrangian 
leaves A G Se' transversal to the stable lamination, for any energy E' G {E — 6, E + 6), 
with the difference that the evolved local Lagrangians are of the form 
(5.20) 

AL^{{y\\^''';E'-E,f{u'-)), |yil<e, W-\<e}, with |M/V^-)II < 7i • 

The Poincare sections used in the proof are taken as Ui{e) fl {yl = 0, t]\ = E' — E}. All 
constants can be taken to be independent oi E' E {E — 6, E + 6). 

Remark 5.2. Each : (-De)„ IR"^^ representing the Lagrangian Af^^ of (15.201) can be 
written as f'^{u) = (f)'j.{u) for some function 0^ : {D^)^ —>■ M. Therefore, the function 

(Pk{yi,u) = (f)k{u) + {E' - E)yi, u e Ds, \yi\ < e , 



generates Aj^^^ in the symplectic coordinates {y^'',ri 

5.2. An alternative definition of the topological pressure. To connect the resonance 
spectrum with the topological pressure (I3.17P of the flow, we use an alternative definition 
of the pressure [321 Theorem 5.2], which will provide us with a convenient open cover of 

Taking 6 > small enough to satisfy (13.131) . consider V = (Vfe)fe6_B an open finite cover 
of K^, made of sets of small diameters contained in the energy strip S^. For any integer 
T > 0, the refined cover V*^"^-* is made of the sets 

T-l 

def 



(5.21) Vp = fl ^-\Vb,) , (3 = bob2 . . . br-i G 



k=0 



The T-strings /5 such that Vg fl ^ make up a subset C . Below it is convenient 
to coarse-grain the unstable Jacobian (13.151) on subsets W C E^'- 



(5.22) VW^c4, W^K% + ^, St{W) = - inf A+(p) . 

We define the following quantity, similar to (13.161) : 

Zt(V,s) =inf J ^ exp{s^T(V^/j)} : C K% C \) 

The topological pressure of the flow on K^^ can then be obtained as follows: 

P^(.)= hm hm ilogZT(V,3). 

diamV^O T^oo J 
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Here the covers V above: they cover in the energy strip S^. Finally, because 

the pressure is continuous as a function of the energy, the pressure f l3.17p can be obtained 
through the limit Ve{s) = lims^oV^{s). 

From now on we fix some small eo > 0. From the above limits, a cover Vo of inside 
£^ (of arbitrary small diameter e > 0) and an integer to > depending on Vq, such that 

(5.23) ^logZ,„(V,s)-P^(s) 







<eo. 



As a consequence, there exists a subset Bto C Bf^, such that { Vg, (3 E Btg} is an open 
cover of inside S^, which satisfies 

J2 exp{s St,{Vp)} < exp {toiVUs) + eo)} . 

We rename the family { Vg, P E Btg} as { Wa, a & Ai}, so the above bound reads 
(5.24) e^P{^ St,{Wa)} < exp {to{VUs) + eo)} . 

a<=Ai 

Each set Wa contains at least one point G K^, which we may set as reference point: 
following Lemma 14.31 we can represent Wa by an adapted chart (|/°, 7]°') centered at pa- 
Similarly, we can also equip any H G Vo with adapted charts (?/*, rj'^) centered at some 
point pb eVkHK^E. 

Each point p G Wa = Vis evolves such that $'^(p) G Vb,, for all A; = 0, . . . , to — 1. Therefore, 
as long as e has been chosen small enough, we are in position to apply Proposition 15.11 and 
Remarks 15.1115.21 to isoenergetic 71-unstable Lagrangian leaves in Wa- 

Proposition 5.2. Take any energy E' G {E — 6,E + 6) and any index a G Ai. Assume that 
A C Se' n Wa is a Lagrangian leaf generated in the chart (?/", rj") by a function ip defined 
on a subset Da C D^, and is contained in the unstable ji-cone: 

A-{iylu'';E'-E,ip\u'')) : u'' e Da} , with y\\c^(D^)<li- 

Then for any index a' G Ai, the Lagrangian /ea/ (A) fl VTa' is also in the unstable 71 -cone 
in the chart [y'^ if]"")- 

Besides, the map y"" 1-^ y""' obtained by projecting ^^°\a on the planes {rj"" = 0} and 
{rj"' = 0}, satisfies the following estimate on its domain of definition: 



dy°- . 

Here XtoiPa) the unstable Jacobian fl3.15p of the reference point pa G WaHK^, and 7 > 
is the Holder exponent of the unstable lamination. The implied constant is uniform with 
respect to to. 
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Proof. From Proposition 15. H we know that for any p G A and any k = 0, . . . , to ~ 1, the 
connected component A^^^ of $'^'(A) H H^. containing $'^(p) hes in the unstable 71-cone with 
respect to the chart i]*'-'). On the other hand, since A is a connected leaf inside Wa, 
at each step k = 0, . . . ,to — 1 its image $'^(A) is fully contained in V^j. and is connected, so 
that Af^^ is actually equal to $^(A) for all = 0, . . . , to — 1- Finally, we apply one iteration 
of Proposition 15 . 1 1 to the leaf A' = $*"^^(A) C Htg-i ^^e', and deduce that any intersection 
<I>(A') n Wa' = $*°(A) n Wa' is also in the 71-unstable cone. 

We now prove the statement concerning the Jacobian of the induced map. It is a direct 
consequence of part in) in Proposition 15. 11 after replacing the time by to. Let pa be the 
reference point in Wa H K^, on which the coordinates {y'^,f]'^) are centered. If Vb is a set 
containing <I>*o(pa), we may enlarge it into a set of diameter Ce, such that ^^°(Wa) C H 
and Wa' C Vh- On Vb we may use adapted coordinates {y'^, rf') centered on the point 

Pb *= $*"(pa), and represent $*°|a by a map y°- ^ y^. In this setting. Proposition \b.l\ iii) 
shows that the associated Jacobian satisfies 

det {^) = i^ + 0{e)) eMKiPa))- 

There remains to compare the coordinates {y^, rf) with the coordinates {y°'\r]°'') centered on 
Pa' £ Wa'- Since the (un)stable subspaces at pb and pa' form angles 0{e^) and d{pb, Pa') = 
0{e), the representation of $*"|a through y°- 1— > y"' satisfies 

(5.25) det (|^) = (1 + 0{e^)) det (|^) = (1 + 0{e^)) eMW) ■ 

□ 

Notice that, even though to (depending on the cover Vo in an unknown way) can be very 
large, applying onto a near-unstable isoenergetic leaf A C Wa does not fold it. 

5.3. Completing the cover. We need to complete the family (W^a)aeAi in order to cover 
the full energy strip £^^. Far from the interaction region (which we define using the radius 
Rq of §3]), we take the unbounded set 

iyo = 4n{|x(p)| >3/?o}. 

We complete the cover with a finite family of sets 

{Wa C 4)aeA, , 

with the following properties. These sets should have sufficiently small diameters, and for 
some uniform > they should satisfy: 

d{WaJ%')+d{WaJ-J)>d^, where T^'"^ \J T%, , 

\E'-E\<5 
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where T^^ are the incoming/outgoing sets given in (II .51) . Finally, the full family should 
cover £^ ■ 



E- 



£| = [jWa, where A = {0} U U . 



Lemma 5.1. Such a cover exists. Consequently, there exists Nq G N, such that for any 
index a & A2 we have 

¥{Wa) n {x{p) < 3i?o} = for any t > Noto, 
or 

<^-\Wa) n {x(p) < 3i?o} = for any t > Noto . 

Proof. The complement of UagAi W^a in ^ ^b(o ^ certain distance D > from 

K^. On the other hand, from the uniform transversality of stable and unstable manifolds, 
there exists rfi > such that 

(5.26) Vp G 4 n T^(o,3Ko)^' d{p, r+^) + d{p, V-J) <4d,^ d{p, K^) < D . 

We first cover the set = {p G f] ^^(oaRo)"^ ' ^(P^^^f) ^ '^di} by small open sets 
{Wa, a G A2} at distance > di from T^^. There exists T_ > such that at any time 
t > T_, the iterate ^''{Wa) has escaped outside T^^^^j^^^-^X for any a G . 

We then cover the set 5+ = {p G ^| n T*(q g^^^X : d(p, T^'') < 2di, d{p, r+^) > 2di} by 

small open sets {Wa, a G A^} at distance > di from F^*^. Now, there exists r+ > such 
that all these sets have escaped outside T^^gg^^^X for times t < — T+. From (15.261) . points 
p G £^1; n T^^gg^^^X which are neither in nor in are at distance < D from K^, and 

therefore already belong to some Wa, a G Ai. Finally, we take A2 *== A2 U A^, and No &'N 
such that No to > max(T_, T+). □ 



6. Quantum Dynamics 

As reviewed in §3.41 resonances are the eigenvalues of the complex scaled operator Pg. 
To prove the lower bound on the size of the imaginary part of a resonance z{h), with a 
resonant state uo{h) G L'^{Xq), WuqW = 1, we want to estimate 

exp(-t| lmz{h)\/h) = \\ exp^-itPe/h) U0{h)\\ , t > 1 , 

where the exponential of —itPg/h is considered purely formally. In principle that could 
be done by estimating || exp{—itPg/h)x^{x, hD)\\, where provides a localization to the 
energy surface. However, the imaginary part of Pg can be positive of size 6 ^ Mh log(l/ h) 
and that poses problems for such estimates. 

Hence the first step is to modify the operator Pg without changing its spectrum. To 
make the notation simpler, we normalize the operator so that we work near energy 0. In 
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the case of (II. ip that means considering 

P{h) = -h^A + V{x) - E , p{x, = + y{x) - E . 
Accordingly, the energy strips and trapped sets will be denoted by K^. 

6.1. Modification of the scaled operator. To modify the operator Pg we follow the 
presentation of [41, §§4.1,4.2,7.3] which is based on many earlier works cited there. 

Thus instead of Pg we consider the operator obtained by conjugation with an expo- 
nential weight: 

(6.1) P,/=2^f e-^^"'/'^Pee^^"/\ e = M29, 9 = M^h\og{l/h) . 

This section is devoted to the construction of an appropriate weight G"^ = G"'{x, hD). The 
large constant Mi will be of crucial importance for error estimates in our argument and will 
be chosen large enough to control propagation up to time Mlog(l//i), roughly Mi ^ M. 
The constant M2 will also be given below. 

We start with the construction of the weight G{x,^): 

Lemma 6.1. Suppose that p satisfies the general assumptions fl3.7l) (with the energy E > 
now in the interval (—6,6)). Then for any open neighbourhood V of , V (s T^^^ j^^-^X , 
and any 60 G (0, 1/2), there exists G G C^(T*X) such that 

P e T^(0,3Ho)^ =^ H,G{p) > , 

(6.2) p G T*(o,3^„)X n {S' \ V) =^ H,G{p) > 1 , 

Vp G r*X, HpGip) > -60 . 

Proof. The construction of the function G is based on the following result of [T6l Appendix]: 
for any open neig hbourhoods U, V of K\ U CV, there exists Gq G C~(T*X), such that 

^0117 = 0, HpGo>0, HpGo\£2s < G , HpGo\£s\y>l. 

Such a Go is an escape function, and is necessarily of unbounded support. We need to 
truncate Go into a compactly-supported function, without making HpGo too negative. For 
T > 0, a G (0, 1) to be fixed later, let x e C°°{R) satisfy 



Xit) = r' ! ' \xit)\<2aT, x'{t)>-2a, te 




(we obtain x by regularizing a piecewise linear function with these properties). Let G 
C^{R] [0, 1]) be equal to 1 for \t\ < 1 and for \t\ > 2. For P > to be fixed later, we 
define 

G{p) = x(Go(p)) mp)/S) ^{\x{p)\/R) , 
which vanishes on U, outside S"^^ and for > 2P. We then compute 

HpG = x'(Go) HpGoij{p/S) V^(|x|/P) + (1/P) x(Go) Hp/S) ^'{\x\/R) Hp{\x\) . 
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This is bounded from below by for {|x| < R, \Go\ < aT}, and by 1, if in addition 
p E \ V . For any p G T*X we have 

HpGip)>-Coa{l + T/R), 

for some Cq > 0, since dSH) shows that \Hp{\x\)\ < Ci on S^^ . Choosing R > SRq and 
T = T{a,Ro) large enough so that IGqIp)! < ctT for p G S'^^ fl T^j-gg^^^X, we have now 
guaranteed the first two conditions in (16.21) . To obtain the last condition we need 

Coa{l + T{a,Ro)/R) < 5o , 
and this follows from choosing a small enough and then R large enough. □ 

Using the identification (13.201) we consider G given in Lemma ED as a function on T*Xg, 
and define Pg.e by (16. ip . We note that exp(±eG(x, hD)/h) is a pseudodifferential operator 
with the symbol in the class Ss{h~'-'°) for any 6 > and some Cq, and that the operator 

Re,e = e 'fee i =e h ^ Rg ^ } ^ k\ " 

has its symbol in the class S'((^)^). This expansion shows that 

PeM = Pe{h) - te{pe, Gr{x, hD) + e\^{x, hD) 

= p^{x, hD) - ie{pe, hD) + e^e5"(x, hD) + he^{x, hD) , ej e S , 

where pg is the principal symbol of Pg given by (13.211) . In particular, denoting by 0{a) the 
quantization of a symbol in aS, we have 

ReP,,e = iPg,e + P;,J/2 = (Repe)"(x, hD) + e{lmpe, G^x, hD) + 0{h + e") 
= Rep^x, hD) + + + e^) , 

(6.3) 

ImP,,, = (P,,, - P;j/(22) = Imp^(a;, hD) - e{Rep,, G'}"'(a;, /iD) + 0{h + e^) 

= Imp^(x, hD) - e{HpG)'"{x, hD) + 0{h + e^) . 

We can use our knowledge of pg, see (13.2 ip - (13. 231) . and the fact that the set V used to define 
G is contained in T^^^^^^X, to deduce that, for any p G S^, 

( pev, 

(6.4) lmpg{p) - eHpG{p) < I CO - e = -{M^ - C)9 p^V, |x(p)|<2Po, 

[-Ce + e5o = -9{C ~ 60M2) |x(p)|>2Po, 
We now choose M2 in (16. ip such that C < M2 < C/60, so that 

(6.5) Impe(p) - eHpG{p) < for any p E £^ . 

The sharp Carding inequality (13. 5p and (16.50 give, in the sense of operators, 

(6.6) lmx'"{x,hD)Pg^,{h)x'"{x,hD) <Ch, supp x C 
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where x ^ is real valued. Achieving this approximate negativity was the main reason 
for introducing the weight G. Indeed, we notice that, before conjugating by this weight, 
we only had \m{x'"Pex'") < Ch\og{l/h). 

6.2. The evolution operator. We take the energy width 5 > as in §3, and construct the 
weight G accordingly, as explained in the previous section. Let the function xs ^ S{T*X) 
satisfy 

(6.7) supp x& C S^''^ , Xs\ss/3 = 1 • 

In this section we will compare the two energy-localized operators 

(6.8) Po = x7ix, hD) P{h) xHa;, hD) and P = xl{x, hD) PeM x'"s{x, hD) . 

Po is obviously bounded and hermitian on L^(X), and P is bounded on LF'{Xg) ~ LF'iX) 
(using the map x ^ Rex). We may thus define a unitary group and a non-unitary group 
as follows (t e M): 

(6.9) f/o(t) =^exp(-itPo//i), respectively t/(t) =^ exp(-itP//i) . 

The need for the cutoff x7 comes from the non-dissipative contributions of ImPg, which 
are compensated by the weight G only close to the energy surface. In view of the bound 
(16. 6p we have 

(6.10) II f/(t) II L2^L^ <exp(Ct), t>0. 

We make the following observation based on §3.41 and the boundedness of ^^^(^'^i^'^)/'^ on 

Res(P(/i)) n Dsfi/c = Spec(Pe(/i)) n Ds,e/c = Spec(Pe,,(/i)) n Ds,e/c , 
Ds,e/c = {z : | Re ^1 < 5 , Im ^ > -O/C} . 
Hence, from now on, by a normalized resonant state of z{h) G Res(P(/i)) fl D^fi/c we mean 

(6.11) u{h)eL^{Xe), \\u{h)\\=l, Pe,,u{h) = z{h)u{h) . 

Proposition 6.1. Let us put 5i = 6/A, C > 0, and let u{h) he given by (16. lip with 
\'Rez{h)\ < 6i, lmz{h) > —Ch. Then for any fixed M > and any time < t < 
M\og{l/h), we have 

(6.12) U{t) u{h) = exp{-itz{h)/h) u{h) + Ol-z^H^) , 

where U (t) is the modified propagator given by (16. 9p . More precisely, the norm of the 
error in (16.120 is bounded by for any L and < h < Hq = HqIL, M). 

Proof. Let v{t) =^ U{t)u — exp{—itz/h)u, so that 
ihdtv{t) = P U{t) u - ze-'''l^u 

= Pv{t) + e{t) , e{t) = e-'''/\P - z)u . 
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Since (P^.e - z)u = 0, we know that WF,,(m(/i)) lies in £^/'\ so that Xs'^ = + 
Hence, ||e(t)|| = and, using (M . 

= 2Re(att;(t),i;(t)) = ^ (ImPt;(t), + 2 Im(e(t), 

< C\\v{t)r + \\em\ v{0) = 0. 
The Gronwall inequahty imphes that 

Jo 

and the lemma follows from the logarithmic bound on t. □ 

The following lemma compares the two propagators in fl6.9p . 
Lemma 6.2. For any fixed t > 0, the operator 
(6.13) V{t) = Uo{t)-'U{t) 

is a pseudodifferential operator of symbol v{t) G S^{T*X) for any 7 G (0, 1/2). 

Proof. To prove both statements, we simply differentiate V{s) with respect to s: 

dsV{s) = ]-aisr{x,hD)Vis), ViO) = I, 
h 

a{sr{x, hD) ''^ - Uo{sy\P - Po) Uo{s) . 
t 

Using Egorov's theorem, we obtain the following general bounds on the symbol a(s), uni- 
form for s G [0, if:]: 

-Ch\og{l/h) < Rea{s) < Ch , |(9°a(s)| < Co,h\og{l/h) , Va G N^". 

To show that V{t) is the quantization of a symbol v{t) G we use the Beals's characteri- 
zation of pseudodifferential operators recalled in (13. 6p . We proceed by induction: suppose 
we know that 

VN-iit) = ^dw^_, ■ --^dw, V{t) = Oi2^^2(/i(^-^)(^-i)) , iV > 1 , Vo(t) = V{t) , 
where Wj^s are as in (13. 6p . We now consider the differential equation satisfied by 

Vat (if) a.<lwi, VN^{t) . 
Using the derivation property a.dw{AB) = (advi/ A)B + A^adw B) we see that 
dtVN{t) = adi^^ ■ ■ -adH/, {{a/hY{x, h)V{t)) 

= (a/hrix, hD)VN{t) + EN{t) , E^it) = Oi2_^2(/i^(i-^)) , 
where we used the induction hypothesis and the fact that 

adiy,^ ■ ■■^dw,^{alhr{x, hD) = OL^^L^{\og{llh)h'') = OL^^L^{h''^'"^^) . 
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Since V/v(0) = 0, Duhamel's formula shows that 



[ V{t - s)EN{s)ds = Oi2_i2(/i^(i-^)) 
Jo 



concluding the inductive step and the proof. □ 

The following lemma shows that the propagators U{t) and f/o(^) act very similarly on 
wavepackets localized close to the trapped set. 



Lemma 6.3. Take 6i = 6/4 as in Proposition \6.1\ and consider the open sets Uq Uq 
gSi nT^^^ j^^^^^X such that Uq is a neighbourhood of , while the weight G constructed in 

Lemma \6. 1\ vanishes identically on Uq- 

Fix some t > 0. Assume that the open set V is such that d Uq for all times 

s G [0,t]. Take any 11 G C^iV). The propagators U{t) and Uo{t) then satisfy 

(f/(t) -f/o(t))n-(x, HD) = OL2^L^{h^). 

Proof. The proof is very similar to that of the previous lemma. The norm is equal to 
— l)n"'||2,2^j;^2. Differentiating this operator with respect to t, we find for all s G [0,t]: 

dsV{s) ir = ^ Uois)-\P - Po) Uois) Vis) . 
in 

From the dynamical assumption and using Egorov's theorem, we easily deduce that 
Uq{s)-^{P - Po) Uq{s) = , microlocally near Ug, 



uniformly for all s G [0,t]. Since 11 is supported inside V, we obtain dsV{s)ir" 

Using Lemma [6.21 we also prove a basic semiclassical propagation estimate for U{t). 

Proposition 6.2. Take 5i as in Proposition \6.1\ and fix some t > and some 7 G [0, 1/2). 
i) Takeipo, V'l ^ ^-yi^) ^^^h thatipi°^^ takes the value 1 near supp ■i/'o-' precisely, assume 

(6.14) d{snpp ipo,Z{p : ^\p) = 1}) >hyC , suppV^iC^^S 

where d{», •) is a Riemannian distance on T*X which coincides with the standard Euclidean 
distance outside T^^q j^^^X . Then 

(6.15) ^^{x, HD) U{t) ^^(x, HD) = U{t) ^^{x, HD) + OL2-.L^{h 
a) If ipo, ipi G 5*^(1) are such that ipQ = 1 near supp^/^i o then 

(6.16) ^^a;, hD) U{t) ^^(x, HD) = ifj^ix, HD) U{t) + OL2^v2{h' 
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Before proving the proposition we remark that if instead ipo, "^2 ^ S{1) satisfy 

(6.17) d(suppVo, supp?/^2 o $*) > 1/C, supptpj C , 
then 

(6.18) V^(x, hD) U{t) tfj^ix, hD) = Ci2_i2(/i°°) . 
Indeed, we can apply (16.151) with ipi = 1 — ip2- 

Proof of Proposition \6.2: We use Lemma 16.21 to write 

(6.19) i^ri^, hD)U{t)^^{x, hD) = Uo{t) [Uoity hD) Uo{t)) l^(t)C(a^, hD) . 

Pseudodifferential calculus on '^h,-y,h (see for instance [HI Chapter 7] or [131 Chapter 4]) 
shows that the wavefront set of the operator V{t)ip'^{x,hD) is a subset of suppV'o; while 
Egorov's theorem and the condition (16.141) implies that UQ{t)~^ tp'^lx, hD) Uolt) = I mi- 
crolocally in an /z'^-neighbourhood of supp^/'o- This operator can thus be omitted in (I6.19p . 
up to an error 0{h°°), which proves the first statement. 

The proof of second statement goes similarly: ipQ{x,hD) = 1 microlocally near the 
wavefront set of Uo{t)-^ ^^{x, hD) Uo{t). □ 

We can use this proposition to show that the "deep complex scaling" region acts as an 
absorbing potential, that is, strongly damps the propagating wavepackets. 

Lemma 6.4. Take 6i as in Proposition \ 6.1\ Rq as in (13.181) and fix some time ti > 0. 
Then, for any symbol ip G S(T*X) satisfying 

(6.20) VtG[0,ti], supp(?/^o$-*) c^^^^/^n{|x(p)| >5i?o/2}, 
we have 

(6.21) \\U{t,)^^{x,hD)\\L2^L^ < exp (^--^^ W^j^ix, hD)^^^^^ + O^^^L^ih^) , 
where Cq > is independent of the choice of ip. 

Proof. For any symbol ipQ G S{1) supported inside \~\ {x > 2i?o}, the estimates (16.41) 
imply that 

(6.22) \ui{P^^{x,hD)u,iP^{x,hD)u) < --^||V'^(x, /iD)u||2 + C»(/i°°)||m|P 

for some Ci > 0. From the hypothesis (I6.20p on and assuming Rq is large enough, there 
exists a symbol ipi G 5(1) such that 

suppV^i C ^"^^ n {x > 2i?o} and c?(supp^, C{p : o $*(p) = 1}) > 1/C , tG[0,ti]. 
Proposition 16.21 i) then shows that 
7/'^(x,/iD) U{t)ilj'"{x,hD) = U{t)ilj'"{x,hD) + OL2^L^{h°^) , uniformly for t G [0,ti] . 
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Combining this with (16.221) we obtain, uniformly for t G [0,ti]: 

dt\\U(tU'"uf = % ilmP^'fUitWu.'iP'^UitWu) + 
h 

<-^\mt)rur+o{hn\\nr, 

from which the lemma follows by Gronwall's inequality, with I/Cq = 2ti/Ci.. □ 

6.3. Microlocal Partition. We consider 6i = 6/4 as in Proposition l6.1l and take a smooth 
partition of unity adapted to (Wa H S^^)a£A, which by quantization produces a family 
(n„ e '^hil))aeA such that 

WFhiUa) cWaH S'^^'/\ Ua = K, and J] n^, = J microlocally near S^'^^. 

aeA 

The difference 

a£A 

is also a pseudodifferential operator in ^'/i(l), and 

Using this microlocal partition of unity, we decompose the modified propagator (16. 9p at 
time to: 

(6.23) f/(to)= Yl Ua = U{to)Il,. 

aeAUoo 

We then decompose the A^-th power of the propagator as follows: 

(6.24) U{Nto) = J2 U^^o-.-oU^^+Rn. 

The remainder i?jv is the sum over all sequences a containing at least one index aj = oo. 
The following lemma shows that the remainder Rj^r is irrelevant when applied to states 
micro localized near S: 

Lemma 6.5. Suppose that x ^ C^(T*]R) is supported inside E^^l^ and that we consider 
logarithmic times in the semiclassical limit: 

(6.25) Ar<Mlog^, M>0 fixed. 

h 

Then the remainder term in ( I6.24p satisfies 

\\RNx'"ix,hD)\\L2^L^ = Oihn, 
with the implied constants depending only on M. 
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Proof. Let a G be a sequence containing at least one index aj = oo. Call jm the 
smallest integer such that aj = oo, so the corresponding term in reads 

Uar,---Ua,^+lU{to)UooUa^^_r--Uai, with tti, . . . , a^^.i G A . 

The lemma will be proved once we show that 

(6.26) ?7«,^_, ■■■U^, x'^ix, hD) = OL^^L^h^) , 

with implied constants uniform with respect to the sequence a. Indeed, the remaining 
factor on the left is bounded as 

lit/.. ■ ■ ■ f/«,„,, f/(to) II < C e^^ < C h~^^' , 

and the full number of sequences is (|yl| + 1)^ = 0{h~'^'^^). 

The estimate (16.261) is obvious if jm = 0, because WF/i(noo) and WF/j(x"') are at a 
positive distance from each other. To treat the cases jm > 0, we will define a family of N 
nested symbols which cutoff in energy in various ranges between 6i/4 and Si/2. Because 

~ log(l//i), we must use symbols in some class 5*5/ (1), S' G (0, 1/2). We first define a 
sequence of functions Xj G C^(]R, [0, 1]), j = 1, . . . , A^, as follows: 

~/x_Jl \t\<Si/4 ^ M-/^ \t\<Si/4: 

^'^^^~\0 \t\>6,/4 + h''/2, ^'^'^^^~\U\t\-h'') |t|>5i/4, 

The function xn vanishes for |t| > 5i/A + Nh^\ and we will take h small enough so that 
Si/ 4 + Nh^ < Si/2. From there, the energy cutoffs Xj ^ '^'^/(l) are defined by 

Xj{x,0 = Xj{p{x,0) ,j = '^,---,N . 
From the support properties of x, the first cutoff satisfies 

(6.27) xr(^, hD) x'^ix, hD) = x'"ix, hD) + O^^^L^h^) . 

For any j = 1, . . . , jm — 1, we have Xj = Xj ° and the nesting between Xj and Xj+i 
allows us to apply the propagation results of Proposition 16.21 i): 

(6.28) xj+i{x, hD) U^^ xj{x, hD) = U^^ xjix, hD) + 0{h^) , j = 1, . . . , - 1 . 

Therefore, inserting xJ+i after each Uaj leaves the operator (16.261) almost unchanged. Fi- 
nally, the cutoff, Xjm is supported in the energy shell {|p(p)| < (5i/4 + Nh^'} which, for h 
small enough, is at finite distance from WFh{Il^), so that 

U^XjJx,hD) = OL2^L2{h^). 

Combining this expression with (I6.271[^T^51) proves (I6.26P and the lemma. □ 
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The set of A^-sequences can be split between several subsets. The set An C is 
defined as follows: 



(6.29) « = «!... aN G A 



N 



$*°(i^a,)nw^„^^, ^0, j = i,...,iv-i, 

and aj e Ai, Nq < j < N - Nq . 

The sequences in spend most of the time in the vicinity of the trapped set. 
The next Lemma shows that we can discard all sequences except for those in ^at: 

Lemma 6.6. Suppose that f l6.25p holds. Then there exists Ci > such that, for h small 
enough, 

If N < M\og{l/h), 9 = Mih\og{l/h), and Mi > Mto, this implies that 

(6.30) Yl l|f^«iv°---°f^aJ|</i*'^/^% 0<h<ho{M,Mi,\A\). 

a£AN\AN 

Proof. Take a G A'^ \An- If the first condition on the right in ( 16.290 is violated, then the 
property WF;,(n„) (s n ^3<5i/4 for a G A and Eq. fl6A8|) imply that ||f/„|| = 0{h^). 

Assume that for some j, Nq < j < N — Nq, we have aj ^ Ai. We have three possibilities. 
First, assume aj = 0. In that case, the factor Ua^ = U(tQ)IlQ can be decomposed as 
U{tQ — 1)U{1)IIq. If Rq has been chosen large enough, the set Wq = £^ H {x{p) > 3Rq} 
satisfies the property 

$*(Wo) C {|x| > 8i?o/3}, tG[0,l]. 
Using the fact that WFh{IlQ) cWqCi £^^'^/^ and applying Lemma [6^ for ti = 1, we find 

(6.31) ||f/(to - l)f/(l)no|| <e^(*«-^)Coexp(-^//iCo) + 0(/i°°). 

Second, assume aj G A2 , where we use the same notation as in the proof of Lemma [5.11 
In that case, 

(6.32) ^\Waj) C Wq for any t > NqIq . 
Applying Proposition 16.21 i), Nq times, one realizes that the operator 

is negligible unless WFh{Ilaj+Mo) intersects Wq. This is the case if aj+No = 0, or aj+jy^ G A2 
and Wa^_^_j^^ n Wq 7^ 0. In both cases, we have (as long as Rq has been taken large enough) 

^\W^^^,^)c{\x\>8Rq/3}, tG[0,l], 

and the estimate (16.311) applies to ||f/(to)IlQ,^^^^ ||. 
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Third, if j G A^, we have ^^{Wa^) G Wq for t < —NotQ. Again, iterating Proposition I6.2[ 
i) Nq times shows that the operator 

will be negligible unless Wa^.^^^ intersects Wq. This yields 

\\Uito) n„^._^^ II < e^(*«-i) Coexpi-e/hCo) + 0{h'^) . 

For these three cases, we find, using (I6.10p . 

Ilf/a.. ■ ■ ■ o f/,J| < e^(^-^")*» expi-9/hCo) . 

This estimate concerns an individual element a G A'^\An- Summing over all such elements 
produces a factor |A|^, which proves the first estimate. The second estimate follows from 
the assumptions on N and 6. □ 

The following proposition, which is at the center of the method, controls the terms 
a G An in (16.241) . The proof is more subtle than for the above Lemmas, and uses the whole 
machinery of Sections 14.31 and [5l In particular, a crucial use is made of the hyperbolicity 
of the classical dynamics on K^. For this reason, we call the following bound a hyperbolic 
dispersion estimate. 

Proposition 6.3. Assume the time N < M\og{l/h) for some M > 0. Then, if the 
diameter e > of the cover Vq has been chosen small enough, for any a G An H we 
have the following bound: 

N 

(6.33) \\Ua,o...o Uo^^W < h-^/\l + eo)^ n^^P {2 -^^o^^"^)} ' 

i=i 

where the coarse-grained Jacobian Stg{») is defined in (I5.22p . and eg is the parameter ap- 
pearing in (15.231) . 

Before proving this proposition in ^ we show how it implies Theorem [31 

6.4. End of the proof of Theorem [3l Suppose that ||M(/i)|| = 1 is an eigenfuction of 
Pe^eih), with the same conditions as in Proposition 16. II Pe^e{h)u{h) = z{h)u{h), \ Rez{h) — 
E\ < 61, lm.z{h) > —Ch. Then, taking t = Nto, N < M\og{l/h) in Proposition 16. we 

get 

exp(A^to lmz{h)/h) = \\U{Nto)u{h)\\ + 0(/i°°) . 
Using the decomposition (I6.24p and Lemmas 16.51 16. 6[ the state U{NtQ) u{h) can be decom- 
posed as 

U{Nto) u{h) = ^ f/,^ o . . . o U^^u{h) + OL2{h^'') , 

where M3 can be as large as we like, if we take 6 = Mih\og{l/h) with Mi large, depending 
on Mto. 
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The norm of the right hand side can be estimated by applying (16.331) to the factors 



Uaj^-No-UNo- This leads to 



N-No 



(6.34) exp{Ntolmz{h)/h) <Ch-''/\l + eof Yl H '^''^^^"^^ + 0{h^') . 
The sum over An can be factorized: 

^-^0 N-1N 
aeAN j=No aGAi 

Combining this bound with (]5.24p . we finally obtain: 

(6.35) exp(MoIm2(/i)//i) < C /^""/^(l + cq)^ exp (Arto(P|;(l/2) + e)) + 0{h^') . 
Taking the logarithm and dividing by Nt^, we get 

\mz{h)/h < Pi(l/2) + 3eo + ^^^f^ + ^ogC'/Nt, . 

We can take = M\og{l/h) with M arbitrary large (and consequently with Mi in the 
definition of 9, large), so that, for any h sufficiently small (say, h < h{6,eo)): 

lmz{h)/h < Vi{l/2)+4eo. 

In §5.21 we could take eo > as small as we wished. This proves Theorem [3] with a bound 
slightly sharper than fll.lip . 



7. Proof of the hyperbolic dispersion estimate 

To prove the estimate in Proposition 16.31 we adapt the strategy of [21 E] to the present 
setting. We decompose an arbitrary state microlocalized inside Wa^ into a combination 
of Lagrangian states associated with "horizontal" Lagrangian leaves (namely, Lagrangian 
leaves situated in some unstable cone). By linearity, the evolution of the full initial state can 
be estimated by first evolving each of these Lagrangian states. Proposition 15. II shows that, 
being in an unstable cone, the Lagrangians spread uniformly along the unstable direction, 
at a rate governed by the unstable Jacobian. Proposition 14.11 shows that this spreading 
implies a uniform exponential decay of the norm of the evolved Lagrangian state, and by 
linearity, a uniform decay of the full evolved state. 

7.1. Decomposing localized states into a Lagrangian foliation. In this section we 
consider states w G L^(]R") with wavefront sets contained in an open neighbourhood W 

of the origin, WFh{w) C W B{e)y x B{e)r^. Here B{e) is the open ball of radius e 
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in M". We will decompose such a state w into a linear combination of "local momen- 
tum states" {er^)n€B{2e), associated with horizontal Lagrangian leaves (A^)^g5(2e). Each 
Lagrangian leaves is defined by 

A, = { {y; v) G T*M", y e B{2e) } , G B{2e) . 

This family of Lagrangian foliates Bi^e) x B{e): 

W <m [j A:, n Arf = if vj^T]'. 

V&B(2e) 

The associated Lagrangian states are defined as follows. We start from the "full" mo- 
mentum states ir, G C°°(M"): 

e,,iy)=exp{t{ri,y)/h), y G , r/ G M^ 

and we smoothly truncate these states in a fixed ball: 

(7.1) er,{y)=er,{y)Xe{y), Xe e C^{B{2e)), Xe\B(3e/2) = l. 

Notice that all states satisfy 

(7.2) \\ejL^ = WxeW <Ce. 

The /i- Fourier decomposition of an arbitrary state w G L^(]R^) reads 



w 



With the assumption WFh{w) C B{e)y x B{e)r,, one deduces that 
(7.3) w = 



B(2e) 



^^,{W{ri)e, + 0{h-)\\w\\. 



This is the decomposition into horizontal Lagrangian states we were aiming at. If we apply 
a semiclassically tempered operator T to this state (see §3.ip . we obtain 



T w 



lB{2e) 

This gives the following bound for the norm of Tw: 

\\Tw\\L2<Ch-"/^ [ dr]\{J^hw){r])\\\TeJ+0{h°^)\\w\ 

(7.4) 

<C/i-'^/2 max \\TeJ\\iv\\+0(h^)\\w\\. 

ri€B{2e) ' 
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7.1.1. Decomposition of the initial state into near-unstable Lagrangian states. By using 
semiclassical Fourier integral operators, see for instance [T3l Chapter 10], we can transplant 
the construction of the previous paragraph to any local coordinate representation. Here we 
will decompose states microlocalized in the sets Wa, a E Ai. The horizontal Lagrangians 
are constructed with respect to the coordinate chart {y"','!]"') centered at some point pa G 
Wa n K^, as described in Lemma SSI In order to cover the set Wa, we use the following 
family (A^,a): 

(7.5) A,,, = { {y^- e B{2e) }, r/ e B{S, 2e) , 

where B{5,e) =^ {rj = {rii,s) G M", |?7i| < 6, \s\ < e}. Notice that these Lagrangians 
are isoenergetic (A^^ C Sri^), and they belong to arbitrarily thin unstable cones in Wa, in 
particular the cones used in Proposition 15.11 and Remark 15.11 

Using the Fourier integral operator Ua associated with the coordinate change (x, ^) i— 
^ya^^a^ (see Lemma im]), each state (17. ip can be brought to a Lagrangian state: 

Cr^^a = e.^ associated with the Lagrangian leaf A^^^ C S.,^-^ , 

with norms bounded as in (17.21) . 

7.2. Evolving the Lagrangian states through [/q^ ■ • • Ua^. We now consider an arbi- 
trary sequence a E An ^ A^ . For any normalized u G L^(X), the state 

w = U^,u satisfies WFh{w) C W^, f] £^^^'^ , 

and can thus be decomposed into the Lagrangian states (e.^^aj associated with the leaves 
Aj^ a^, as in (17.31) . In order to prove the estimate (I6.33p . we will first study the individual 
states 

(7.6) Uo.^o...oU^,o U{to) e^,„, , f] e B{36i/4, 2e) . 
We recall that each set Wa, a E Ai, has the property 

(7.7) ^''(Wa) C Hfc, k = 0, . . . ,to - I, for some sequence bo,..., bto-i . 

Therefore, to the sequence a = ai . . . aN E A^ corresponds a sequence /? = Po ■ ■ ■ Pmo-i of 
neighbourhoods Vp^, visited at the times k = 0, . . . , Nto — 1. For later convenience, we also 
consider a set VJ^^^ (of diameter Ce), which contains ^^°{War^). 

From now on, we fix some r] G i?(35i/4, 2e) and compute the state (17. 6p . making use of 
various properties proved in the preceding sections. 

7.2.1. Evolution of the near-unstable Lagrangians A^^q.^ . The results of §4.2l and Lemma ICT] 

show that it is relevant to study the evolution of the Lagrangian AJJ^^ =^ A^ q,^ nVFai through 
the following operations: one evolves A^^^ through then restricts the result on Wa2, 
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then evolves it through restrict on Wa^, and so on. It is also useful to consider the 
intermediate steps, that is, for k = mto + m', < m < N , < m' < to, we take 

Kl' = ^^"(aLT'^*") n m = 1, . . . , at - 1 , 

^jntoW $-'(A-*o) ^ = 1, . . . , to - 1 . 

Fix 7i = 1/2. By construction, A^^^ is contained in the unstable 71-cone in the coordinates 
(y"^,//"^). We can thus apply Proposition 15.11 i) and Proposition 15.21 to this sequence of 
Lagrangian leaves: each Af^^ is contained in the unstable 71-cone (when expressed in the 
coordinates (y^*, r^^'-) on the set Va^.). Furthermore, part ii) of the proposition shows that 
the higher derivatives of the functions generating Af^^, also remain uniformly bounded 
with respect to k. The sequence of Lagrangians is thus totally "under control" , and the 
implied constants are independent of the choice of r/ G B{36i/A,2e) parametrizing the 
initial state e^^^^. 

7.2.2. Analysis of the operator f/^^ ■ ■ ■ Ua^ . We now show that all the propagators U{1) in 
(17. 6p may be replaced by the unitary propagators Uq{1), up to a negligible error. For each 
a e Ai we recall that the set Wa satisfies (17. 7p . All the sets H G Vo were chosen so that 
^^{Vb) remains close to in the interval t G [0, 1]. As a result, one can apply Lemma [6T3] 
to the differences (f/(l) - f/o(l))n^, where Ub G ^/^(l) satisfies 

fift = / near I4, ^\WFh{Ub)) (s Ug for all t G [0, 1] . 
Each factor Ua = U{to)Ila can then be decomposed as follows: 

uito) n. = umb,^_, ■ ■ ■ f/(i)n,,f/(i)n, + o(/^~) 
= t/o(i)n,,^_, ■ ■ ■ UoimbMrn^ + oih'^) . 

The first equality uses the propagation properties of Proposition 16. 2[ i) and (17.71) . The 
second one is obtained by applying Lemma 16731 to all factors U{l)Ilb^. The operator (17.61) 
can thus be expanded as follows: 

(7.9) u^^o...ou^^ = Sp,,^,p,,^_, 0...0 Sp,,p, + o{hn , 

where we called 

S/3k+i,l3k = ^ar„+i Uo{l), 
'S'/3jvto,/3jvto-i = n'^to^o(l)- 

The operator 11^^^^ G \E'/i(l) on the last line has a compactly supported symbol, and is equal 
to the identity, microlocally near the set VL, so that H'^^^ U(to) = ?7(to) nQ^ + 0(/i°°). 



k = 0,...,Nto-l, to\k + l, 
k + 1 = mto, m = 1, . . . , N — 1 , 
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From Lemmas 14.21 and each of the propagators Sp^j^-^^p^, can be put in the form 
(7.10) ^/3,,, A = l^k,. T,,.uh + 0{h^) , 

where W/j^. is the Fourier integral operator quantizing the local change of coordinates 
(x,^) — (i/^*^,?]^*) (see Lemma [4.4p . while Tp^^^^^p^ is an operator of the form fl4.26p . which 
quantizes the map H/3,.^/3,._^, obtained by expressing $^ in the coordinates {y'^'^^rf'^) 

Inserting (17.101) in (17. 9p . we obtain 

where we took for short T^^,^,/3o = T^^,„,/3^,„_i o . . . o Tp^^p^ . 
Here we used the fact that Up Up^ = I microlocally near the wavefront set of n^'-* , LI^^ or 

7.2.3. Applying the semiclassical evolution estimate. The state Tp^^^^p^Crf has the same 
form as the left hand side in (I4.32p . Since the Lagrangians 

Afoc = {(/N^"'==^U/'=))} 

remain under control uniformly for 1 < A; < A^, we can apply Proposition 14.11 to obtain a 
precise description of that state: for any integer L > 0, we may write 

The symbol a^*" admits an expansion, 

a^*"(2/) = E^'<*°(^)' 

j=0 

which we now analyze. Starting from some y G B{Ce), let us assume that there exists no 
sequence of coordinates 

( A=o,...,7vt„ , y = y'''\ y'-' = 9k{y'), 

where gk is the projection of the map '^/3;,^,/3j._jAf on the axes {77^'= = 0}, {r/^fe-i = 0}. In 
that case, Proposition 14. II shows that a^*"(?/) = 0. 

On the other hand, if such a sequence exists, the principal symbol a^*°(?/) satisfies a 
formula of the type (I4.33p . The functions Xik '^ow correspond to the symbols of the operators 
Hp,., Ham or n^vto) which are uniformly bounded from above by 1 + 0{h). 

The main factor in (I4.33P is the product of determinants Idetdg^iy'^)]^^'^, which corre- 
sponds to the uniform expansion of the Lagrangians along the horizontal direction. To 
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estimate this product, we follow §4.31 and group these determinants by packets of length to. 
According to Proposition 15.21 we have for any to-packet: 

n |det<i<„(/)|V^ = det(%-; ^ 



fc=mto+l 

-At+(p«™)/2 



1 + 0{e^)) e-%^^"™^/^ , m = 0, . . . , - 1 



Here we have used the coordinate frames (y^^'o ^ ry/^^to ) to label points in instead of the 
coordinates (|/"™^7^'^™) centered at p^^ ^ W^a^; this change does not modify the estimate 
of the Corollary, as is clear from fl5.25p . The product of determinants is thus governed 
by the unstable Jacobian along the trajectory. Because the points pam ^ W^am ^ 
somewhat arbitrary, we prefer to use the coarse-grained Jacobian (15.221) to bound the above 
right hand side. Taking the product over all to-packets, we thus obtain, for some C > 
independent of N: 

N-l 

(7.11) \a^'^{y)\<l[{l + ChY^^{l + Ce'^)exp{-StM^J), y e snpp a^'^^ C B{Ce) . 

m=0 

The proof of Proposition [5ll] (see ( 15.17P ) also shows that the determinants det dgk{y) satisfy 
sup \ det dgkiy)\ < det{Ak)~^ + C , k = l,...Nto. 

We will assume e small enough, such that the right hand side is bounded from above by 
z/3 < 1. This implies that the Jacobians Jk of (14.311) decay exponentially when k ^ 00. 
Henceforth, the higher-order symbols bounded as in (14.341) . are smaller than the 

principal symbol, so that the upper bound (17.111) also holds if we replace a^*° by the full 
symbol a^*°. This decay of the Jk also shows that the remainder -R^*°, estimated in (I4.35p . 
is uniformly bounded in L^. As a result, the bound (17. lip implies the following bound: 

N-l 

(7.12) \\Tp^^^,^,eJ<Ce{l + CeX J] e^'o(w^<^™)/2 , ^ e B{36r/A,2e) . 

To end the proof of Proposition 16. 3[ there remains to apply the decomposition (17. 3p to the 
w = HaiU, with u G L'^{X) of norm unity, and the bound (I7.4p that follows: 

N-l 

\\Ua^o...oUa,u\\ < C e h~''/^l + C e^f JJ e^'oi^-^)/^ + 0{h°°) . 

Notice that the main term on the right hand side is larger than h^'^^ for some M3 > 0. 
This bound thus proves Proposition 16.31 if, given eo > 0, we choose the diameter e of the 
partition Vq small enough. □ 
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8. MiCROLOCAL PROPERTIES OF THE RESONANT EIGENSTATES 

In this section we will use the results of §6. II and §6.21 to prove Theorem 4. We will turn 
back to the notation of §3.2| that is, the operator to keep in mind is 

P(h) = -h^A + V{x) , with symbol p{x, ^) = + V{x) . 

We also recall that 

(8.1) Pg^, = e-'^^^^Pee'^^/'' , e = Ms^ , 9 = Mihlogil/h) , G"" = ^"{x.hD) , 

where G is given by Lemma [OTTl and Mi > can be arbitrary large. In this section we will 
choose the set V in Lemma 16.11 to be 

(8.2) ^ = ^_B(o,3Ro/4)"^' and assume that G'(x, ^)=0 for x G 5(0, i?o/2) . 

We now consider a resonant state u in the sense of (13.191) . in particular u|B(o,fio) — ^e|B(o,J?o)- 
If u satisfies (13.191) for some choice of i?o > (which implies a choice of deformation Xg, 
see §3.41) . then it has the same property with any larger Rq (and associated Xq). The state 

Me^e *= e""*^™^'' U0 is in L'^{Xo), and satisfies {Pe,e — z)ug^^ = . 
Furthermore, the support properties of G imply 

(8-3) \\ue,e - u\\l^b{o,Ro/2)) = 0{h°°) \\u0^e\\L^Xg) ■ 

This first lemma controls the behaviour of Ug^e near infinity. 

Lemma 8.1. Let Pg ,, be the operator given by (18. ip for some choice of Rq ^ 1 and Mi ^ 1. 
Suppose that 

(8.4) {Pg^, ~ z)ue^, = , lmz>-Ch, Rez = E + o{l), \\uejL^Xe) = '^- 
Then, there exist Ri > 4_Ro O'lT'd Co > 1, independent of Mi, such that 

(8.5) \Mmxo\Bcnio,R^)) = Oih^'^/^'<^) , 0<h< hoiMi) . 

Proof. We will use the properties of the "deep complex scaling" region, explained in 
Lemma [6^ The first step is localization in energy. Take ip G C^((— 2, 2), [0, 1]), "iAlhi.!] ~ 
and define 

(8.6) Mp) = V^(4(p(p) - E)/Si), Mp) = Hmp) - E)/Si) . 

Fix some time ti > 0, and consider spatial cutoffs Xo, Xi ^ C°°(X, [0,1]) localized near 
infinity: 

Xjix) = for X G S(0, Rj), Xjix) = 1 for x G X \ B{0, Rj + 1) , j = 0, 1 , 

where the radii -Ri > -Rq + 2 ^ 1 are sufficiently large so that the following conditions are 
satisfied: 

(8.7) Vt G [0,ti], supp((xo V^o) o $-*) C £e"^' H {\x\ > 5/?o/2}, 

(8.8) ixo V'o)(p) = 1 near supp((xi ^Pi) o $*i) . 
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We will now estimate the norm of the following state: 

(8.9) V = xi i^n^, hD) U{h) xo ^Poi^^ hD) ue,. 

Using the condition (18. 8p . we apply Proposition 16. 2[ ii) to the operator Xii^i U{ti) Xoi'o, 
and obtain 

v = xi i^nx, hD) U{h) ue,. + Ol^ (h^) 
= e-^*^^/'^ xi i^n^, hD) ue,e + O^^^h^) 
= e-''^''^XiU9,, + OL^{h^). 

In the second equality we have applied Proposition 16. 1[ For the third one we used the 
microlocalization of ug^^ on £e'- 

(8.10) %l)';;{x,hD)ue,e = ue,e + OHk^{h'=^), VA; . 

On the other hand, the condition (18. 7p allows us to apply Lemma 16.41 

\\U{h)x^i^^{x,hD)ueA\ < e-"^''' \\x^i;^{x,hD)ueA\ + 0{h^) 

</i^'^^/^«||Xon,,e||+0(/i°°). 
Here we have taken 9 = Mih\og{l/h), and used again the microlocalization of ug ^ near 

Using Imz > —Ch and combining the above estimates, we find 

\\XiUe,e\\ < e^*i/i*^i/^» +0{h°^). 
This proves the Proposition once we take -Ri > max(/2i + l,4i?o). D 

Remark. The statement of the lemma can be refined using exponential weights to give a 
stronger statement about Ug^^ (including the case of e = 0): 

see [36] for a similar argument. 

Lemma 8.2. Let K = Ke he the trapped set (11.61) for p{x,C,) at energy E. Suppose that 
ug^e is as in Lemma \8.1\ and G and e have the properties in (18. ip and {\8.2\) . Then for any 
6 > there exists C{6) > such that 

(8.11) \H\e,e < C{S) \\u\\L2{n{K)+Bx{o,5)) , <h< ho{5) . 

As a consequence for any resonant state u = u{h) with Kez — E = o(l), Im^; > —Ch, we 

have 

(8.12) 

Vi?>0, 3C{6,R), ho{6,R) , \\u\\l2(b{o,r)) < C{6) \\u\\l^(^7t(k)+Bx{o,s)) , h<ho{6,R). 
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This means that a normahzation in any small neighbourhood of 7t{K) leads to an h- 
independent normalization in any compact set. That property allows us to define a global 
measure fi in Theorem |H 

Proof. Lemma [8.11 shows that, to establish (18. lip , it is enough to prove 
(8-13) \\ue,e\\Bxg{o,Ri) < C ||m||£^2(^(^)_,_5^(o,<5)) , < h < ho{5) . 

For 6q > small and Ri as in Lemma 18. H we consider the compact set 



If pe Sn r+'^«, there exists Tp>0 and a neighbourhood of p, Up C such that 
(8.14) <l>~^^{Up) cT*{n{K) + B{0,6)), 

provided 6o is small enough depending on 6 (so that KI^" d T*{7t{Ke) + B{0, 6))). 

On the other hand, if p ^ 5" fl Lq*^", there exists Tp > and a neighbourhood of p, 
Up C £e'\ such that 

-To 



(8.15) ^-'^ (Up) cT*{X\B{0,2Ri)) . 

Since the set 5* is compact, we can cover it with the union of two families of sets {Up^, j G 
Ji} and {Up^, j G J2} of the preceding two types, where Ji, J2 are (disjoint) finite index 
sets. We can also choose open sets U'p^ d Up^ such that Uj^j^\jjJJ'p_. still covers S. We note 
that these covers have different properties than the cover {Wa)a&A constructed in §5.2[ 
We now construct a "quantum cover" adapted to the above classical cover: 

Aj e ^(Xe), ^¥h{Aj) (E Up^ , Aj = I microlocally near U'p^ , j G Ji U J2 • 

In view of the localization of uq^^ to the energy shell (see (18.101) ) we have 

\\ueA\L-^{B{0,Ri)) < C ^ ||y4jM6),J. 

jGJiUJ2 

Hence (I8.13P will follow from the bounds 

(8.16) PjMe.ell < C \\ue,e\\L^{7,{K)+B{0,S)) +0{h°°), j G Jl 

(8.17) \\Aj uej < C J G J2 • 

With U{t) defined by (16.90 . Proposition 16. II and the condition | Im2;| < C h imply that for 
any bounded t > 0: 

\\Aj uej < e'^'WAj Uit)ueJ + 0(/i~) , j G Ji U J2 . 

Considering operators tAj G "^hiXg) with the properties 

WFh{Aj) C ^"^"^ (f/pj , Aj = I microlocally near ^"^"^ (WFh{Aj)) , 
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we may apply Proposition 16. 2[ ii) : 

WAjUeJ < e^'''^^\\A^U{Tp^)ueJ+0{h^) 

< \\A,U{Tp^)A,ug4+0{h^) 

< C'e^"^'^ \\AjUe,e\\+0{h°°). 

In the last line we used the bound fl6.10p and \\Aj\\ < C. Notice that the times Tp^ are 
uniformly bounded, depending on S, Ri. From (]8.14p we obtain the first estimate in ( ]8.16p . 
Lemma IHTTl and (18.151) provide the second estimate. This completes the proof of (18.111) . 

To see how (I8.12p follows from (18. lip we choose Rq > 2R in the construction of Pe^^ (see 
(18. ip and (18. 2p above). From the support properties of the weight G, we have the following 
relationship between and the corresponding resonant state u: 

Then 

\W\\l\B{0,R)) < \\u0,e\\mxe){^ + < C(5, R) ||u|U2Wi^)+B(0,5)) • 

□ 

The next proposition is a refined version of (11.150 appearing in Theorem HI 

Proposition 8.1. Suppose u satisfies the assumptions of Theorem^ and that a G is 
supported in T*X \ F^. Then for any x ^ have 

(8.18) ||a'^(x, hD) xA < Cm Z^*^ for any M > 0, 

that is u = microlocally in T*X \ F^. The constant Cm in (I8.18P depends on E, a and 
X- 

Proof. We choose Rq such that suppx C 5(0, i?o/2) in the construction of Pe^e described 
in the beginning of this section. Then, by Lemma 18. 2[ the normalization in Theorem H] is, 
up to uniform constants, equivalent to the normalization ||u0^e|U2(X9) = 1. From (18. 3p we 
see that 

||a"'(x, HD) xu\\ = \\a'"{x, hD)xue,e\\ + 0{h°°) . 
The condition on the support of a shows that for > small enough, supp a fl F^*^" = 0. 
Using an energy cutoff ipo of the form (18. 6p supported inside there exists a time T > 
such that 

supp(a^o) T*{X \ B{0, 2R{)) n , 
where i?i is given Lemma ISTTl Taking into account the microlocalization of type (I8.1UI) . we 
get 

||a™(x, HD) xu\\ = ||a"'(x, hD) ijj^ix, /^d) + 0{h°°) . 

We can not proceed as in the previous lemma: 

\\a^ij^XUBA\<C\\a'-ij^xU{T)ueA\<C\\a^'ilj^xU{T)^^XiXUBA\. 
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where V'l e C°°(r*X, [0, 1]) satisfies ^pi\^2So = 1, while Xi e C~(X) vanishes on 5(0, 



and takes the value 1 for |x| > 2Ri. The second line above is then due to Proposition I6.2[ 
ii). Lemma [8.11 shows that = so we finally get 

\\a'"{x,hD)xu\\ = , 
where Mi can be taken arbitrary large. □ 

Proof of Theorem^ The inclusion (11.151) follows directly from Proposition 18. 11 which shows 
that only points in P^ can be in the support of the limit measure. 

The proof of (11.161) follows the standard approach (see [T7] and for a textbook presen- 
tation [131 Chapter 5]). Suppose that x and u are as in (I1.14p . From Lemma 18.21 we 
know that ||x'u(/i)|| < with the constant independent of h. Hence, there exists 
a sequence {hk \ Q)km for which (ll.Mp holds for any A = a'"{x,hD), a G C^{T*X), 
supp a (E (7r*x)~"'^(l). From this support property we get yl[P, x] = OL2^L2{h°°), so that 

0{h°°) = Im((P — z)xu, Axu) = lm{Pxu, Axu) — lmz{Axu, xu) 

= ^{{Hpa)'"ix, hD)xu,xu) - haz{Axu,xu) + 0{h^)\\xu\\^ . 

For the sequence {hk) appearing in (11.141) we obtain 

- I Hpadjj, r^~~^ j CLdjj, = o{l), k oo . 

2 J hk J 

Hence there exists A > such that Im z{hk) / hk —>■ —A/2, and 



Hptt dfx + \ J adjj. = . 
which is the same as (I1.16p . □ 



9. Resolvent estimates 

In this section we will prove Theorem [5] and consequently we assume that the hypothesis 
of that theorem hold throughout this section. In particular E' > is an energy level at 
which the pressure, Pe(1/2), is negative. We first need a result which is a simpler version 
of the estimates on the propagator U (t) described in §6.41 

Proposition 9.1. Suppose W G C°°(X; [0, 1]), > satisfies the following conditions 

supp W CX\ B{0, Ri) , W^U\B{0,i?i+ri) = 1 , 

for Ri,ri sufficiently large. Assume Pe{1/2) < and choose A G (0, |Pe(1/2)|). Then 
there exists 6o > 0, such that, for any ip G S{1) supported inside , and any M > 0, 

(9.1) II e-'*(^(^)^*^)/V (2;, /i/^) II L2^L2 < C7 g-At ^ c>^j(^hoo^ ^ 0<t< Mlog(l//i) . 
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The proof of this proposition is very similar to the proof in the case of the complex-scaled 
operator ,= treated in ^ In fact the case of the absorbing potential is easier to deal with 
than complex scaling, and in particular we do not need the weights G. The modifications 
needed to apply ^ directly are given in the appendix. 

Before proving fll.171) we will establish a resolvent estimate for the operator with the 
absorbing potential. 

Proposition 9.2. Let P = P{h), the energy E > 0, and the absorbing potential W be as 
in Proposition \9.1[ Then for any e > 0, 

(9.2) \mh) -iW- i?)-1,^(x)^L^(x) < 2\pjl/l)\ ^^^h^ ' ° < ^ < ■ 

Proof. We will use Proposition 19.11 and /i-dependent complex interpolation similar to that 
in [43j. 

If we put 

Uiit) = exp{-tt{P{h) - iW)/h) ^""{x, hD) , 
where ip is as in fl9.ll) . then the following estimates valid for any M > and < h < Km'- 

1 + 0{h) , 0<t<TE, TE{h) = nlog(l//i)/(2A) , 
C,h--/^e-^\ TE<t<TM, Tm(/i) = Mlog(l//i), 



(9.3) \\Uiit)\\ < < 



where Cq is independent of M. The notation TE{h) comes from the analogy with the 
Ehrenfest time (the time the system needs to delocalize a Gaussian wavepacket). 

The first estimate in (19.31) follows from the subunitarity of exp ( — it{P{h) —iW)lh)j and 
the bound ||'i/''^||i2^^2 < 1 + 0{h). The second estimate follows from Proposition 19.11 by 
absorbing the remainder Ouih'^) in the leading term by taking h < Hm, small enough. 
The last estimate follows by writing 

U,{t) = exp ( - t{t - TM){P{h) - iW)/h) Ui{Tm) , 

and using subunitarity for the first factor and the previous estimate for ||?7i(Tm)||. 
The estimates (19.31) and ellipticity away from the energy surface give the following 

Lemma 9.1. In the notations of Proposition \9J\ and (19.31) we have, for any N > 0, 

\mh)-^w-zr\\L.^,.<^l±I^+ 



(9.4) ^'^^ "^^^^^ - h ' Imz 

Im2;>0, \z - E\ < 5 , < h < Hn ■ 
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Proof. We first prove the same estimate for tlie energy-localized operator 

1 r°° 

{P{h) ~iW- hD) = - Ui{t) t'^^l^ , Imz > . 

h Jo 

From fl9.3p we obtain 

1 / /"^Af f°°\ 

\\{P{h)-tW-z)-^^^{x,hD)\\<-( + + ] \\Ui{t)\\e-''^''/''dt 

h' \Jo Jte JtmJ 

< TE{h) /h + C/{hX + lmz) + h^'^'^'> /luiz. 

This is the estimate on the right hand side of (19.41) once we take M large enough and h 
small enough. 

To solve (P — iW — z)u = (1 — i'^)/, f G L^(X), we follow a standard procedure. 
There exists ipi G C^(T*X; [0,1]) supported near the energy surface £e, such that the 
pseudodifferential operator [P — iW — z — itp^)'^ is uniformly bounded in for z as in 
the Lemma and h G (0, ho), while ip^{l - i)"") = OL^^L^iK^). It follows that 

{P -iW - z){P -iW - z- iil)iY\l - ip"")/ = (1 - V^"")/ + Rf , 

where R = OL-i^L2{h'^). If we put 

L={P-iW-z- i^iY\l - ifj"") + {P-iW - zy^i/j"" , 

then 

{P-^W-z)L = I + R, ||L||<^l/^-±M^ + J^, \\R\\ = 0{h°^) , 

h Imz 

and {P-iW - z)-^ = L{I + R)'^ satisfies the estimate (jM]). □ 

To estimate the norm of resolvent on the energy axis, \\{P — iW — E)~^\\, we need the 
following parametric version of the maximum principle 

Lemma 9.2. Suppose that ( R{0 ^■^ holomorphic in a neighbourhood of [—1,1] + 
i[—C-, c+], for some fixed c± > 0, and that 

log|F(C)|<M, CG [-l,l]+2[-c_,c+], 
|i^(C)l<«+j^, Ce [-l,l]+^(0,c+], 

where M, a ^ 1, while 7^1. Then for e satisfying jM^ /a <^ e^/^ <^ 1 we have 

|F(0)|<(l + e)a. 

Proof. Let g{Q = exp(— 3M(^^ + ia(), with a G M to be chosen later. Then g{0) = 1 and 
|^?(C)I < exp ( - 3M(ReC)' + 3M(ImC)' + ImC|) . 
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Let 1 ^ 5_ ^ (5+ > 0. Then the following bounds hold on the boundary of [—1, 1] + 
' -2M + 3M52 + |a|5_ Rez = ±l, -5_<ImC<5+, 



log\FiC)g{C)\< { 



M + 3M6^^ + a6-, | Rez| < 1 , ImC = 



log(a + 7/5+) + 3M61 -a5+, | Re z| < 1 , Im C = 5+ 

Following the standard "three-line" argument we select 

1 1 

M + \og{a + 1/5+)) - — (-M + log(a + 7/5+)) 



so that the bounds for Im(^ = ±5-|-, | Re2;| < 1 are the same: 

log \F{Og{C)\ < + log(a + 7/5+) -i-- + 3M5! 

< M5+5Z^ + log(a + 7/5+) + 3M(5! . 

To ensure that the above right hand side is smaller than log(Q;(l + e)), we need the following 
conditions to be satisfied: 

These conditions can be arranged if e^/^ is large enough compared with 7Mt / a, which is the 
condition in the statement of the lemma. One easily checks that the bound log \F{C)g{Q \ < 
log(a(l + e)) then also holds for | Re2;| = 1, Imz = ±5±, and therefore for 2; = by the 
maximum principle. □ 



End of the proof of Proposition lOTB : To apply Lemma [9l2] we need the estimate of Lemma [9AI 
but also an estimate of \\{P — iW — z)^^\\ for | Rez — i?| < 6, | Imz| < Xh (where we recall 
that {P — iW — z)~^ has no poles in that strip for h small enough). We can cite [TDl Lemma 
6.1] and obtain 

\\{P -tW - z)-^\\ < aexp(a/i-"-^), lmz> -Xh. 

Lemma [9^ applied to the data 

F(C) = {{P-tW-E- hCr'f, g), f,ge L\X) , ||/|| = ||^|| = 1 , 

M = Ch—\ ^^ C,+TE{h) ^ ^^^^^ 

h 

proves the Corollary (observe the condition 7M5 /a -C 1 is satisfied for h small enough). □ 

To pass from the estimate (19. 2p to an estimate on x(P — z)~^Xi X ^ we first 

recall (see for instance ^3]) that if suppx C -8(0, Rq), where Rq is as in §3.41 then 

x{P-z)-\ = x{Pe-z)-\. 
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Also, if supp vr*x n supp (7 = 0, then 

= x{Pe,e - z)-\ + OL2^L'^{h^) \\{Pe,. - z)-'\\ . 

Hence, 

(9.5) \\x{Pe - z)-W\ = (1 + 0{h^))\\{Pe,. - zY'W . 

For future use, we now consider an auxiliary simpler scattering situation, namely an 
operator P^ = P^{h) satisfying the assumptions of §3.2l and for which the associated classical 
flow is non-trapping at energy E, that is, Ke = 0- From a result of Martinez |26], we have 

x{P^-z)-\ = 0{l/h), zeD{E,Ch), 

see [281 Proposition 3.ljl. Below we will need an estimate for the resolvent of Pj^, given in 
the next lemma. 

Lemma 9.3. Suppose that P" = P^{h) is an operator satisfying the assumptions of §5*.^ 
and that the flow of p^ is non-trapping at energy E, that is, Ke = 0- Then in the notation 

ofmi 

(9.6) {Pi - z)-' = OL2^vAl/h) , z e D{E,Ch) . 

Proof. Since P^^ — z is a Fredholm operator on L'^{X) (as elsewhere we identify Xq with 
X), the estimate will follow if we find Q{z) such that, for z G D{E, Ch), 

(9.7) {Pi - z)Q{z) =1 + A{z) , Q{z) = OL^^L^l/h) , A{z) = OL^^L^h) . 

We will solve this problem in two steps, away and near the energy layer £e- Consider the 
two nested energy cutoffs 

(9.8) ^o(x, = i^{{p{x. - E)I5) , ^i(^, = V^(8(p(x, - E)/5) , 

where ip G C^((— 2,2), [0,1]) and and = 1. Since pI is elliptic on supp(l — ipi) 

(that is, away from Ee)-, standard symbolic calculus (as in the proof of Lemma lUTTi) provides 
an operator Qq{z) such that 

{Pi - z)Q^{z) = J - f'^{x, hD) + A,{z) , Q,{z) = Ol^^l^I) , Ao{z) = Ol^^l^ . 

We now treat the problem near the energy layer. We want to produce an operator Qi{z) 
such that 

{pI^ - z)Qr{z) = ^^{x, HD) + A,{z) , Q^{z) = OL^^L^{l/h) , A^{z) = Ol^^l^H) . 

^The statement of that Proposition should be corrected to include a cut-off x, or, without a cut-off, a 
factor log(l/ft.) on the right hand side of [28, (3.2)]. Lemma [9.31 gives a correct global version without the 
logarithmic loss. 
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To that aim we use the tools developed in §6.21 and consider the energy- localized propagator 

f/»(t) exp{-ztPl/h), Pi ^^{x, hD) Pi hD) , 

which satisfies ||f/'*(t)|| < e*"* for any t > 0. The non-trapping assumption at energy E 
imphes that 

B(0,3i?o) 



(9.9) 3T>0, Vpe4/'nT*(o,..X, |7r($*(p)| >3i?o, t>T. 



We claim that we can take 

(9.10) QAz) = I r U\t)ij'i'{x, hD)e'''/''dt . 

h Jo 

Indeed, 

{pI - z)Q,iz) = i^rix, hD) + A,iz) , 

A,{z) = - U\T)^^{x, hD)+^- [ {Pi - PI) U\t) ^^{x, hD) e'^'l^dt . 

h Jo 

The escape property fl9.9p shows that there exists a time < < T, such that points 
m 

*B{o,3Ro) X will have escaped outside 5(0,5i?o/2) after T — Tmin, while points 
in 4^ n T * (X \ _B(0, 3-Ro)) cannot penetrate inside 5(0, 5Ro/2) before the time Tmin- In 
both cases. Lemma [6.41 provides the following estimate: 

\\U\T)^^{x,hD)\\ = 0{h''''/^°) , 

for some Cq = Co(T — T^nin)- On the other hand. Mi can be chosen arbitrary large, in 
particular we assume that Mi /Co > 1. 

def 

To analyse the second term in the definition of Ai, we use the energy cutoff ipi/2{p) = 
ip{4:{p{p) — E)/S), which is nested between ipi and ipo, and write 

PL - Pi = Pla - O + (1 - O4.^0"(l - ^V2) + OL^-.L^ih'-) . 

From the support properties of the ipj and using fl6.18p . we get 

(1 - uKt) , (1 - u^t) = OL^^L.{h^) . 

These estimates show that Ai{z) = Ol2_,i2{Ii). 

As a result, the operators Q{z) = Qo{z) + Qi{z) and A{z) = Ao{z) + Ai{z) satisfy (19.71) 
completing the proof. □ 

Proof of Theorem\^ We now return to our original operator P{h) with properties described 
in §3.31 As is seen from (19.51) . it is sufficient to prove the bound 

{Pe,, - E)-^ = OL2^L^{\og{l/h)/h) . 

As in the Lemma above, we will construct an approximate inverse 

(P,,, -E)Q = I + A, Q = 0{\og{l/h)/h) , A = 0{h) . 
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We consider the cutoffs (19.81) . Once again, the operator can be easily inverted away from 
the energy shell. We then need to solve 

(9.11) {Pe,,-E)Q^ = i;^{x,hD) + A^, = 0{\og{l/h) /h) , A^ = 0{h). 

We will now use our knowledge of the absorbing-potential resolvent, see Proposition 19.11 
and Proposition 19. 2t we will use the fact that the operators Pe ^ and P — iW are very 
similar near the trapped set. 

Assume that 1 <^ -R4 < i?3 < -R2 < -Ri < -Ro/2, where the radius i?i is used to define 
the absorbing potential W , while Rq is used in the complex deformation of X (see §3.4p . 
and the weight G is supposed to vanish on 7r~^i?(0, i?o/2). Consider the spatial cutoffs 
Xj e C-(X, [0, 1]), J = 1, 2, satisfying 

supp Xj 5(0, Rj) , Xj\B{o,R,+i) = 1 , j = 1, 2, 3 . 
To solve (19.111) . we first put 

Q2 = xiiP-iW-Ey'x,^ij^. 

We can then compute 

(9.12) (P,,, - E)Q2 = X2i^r + [P, Xi]{P -^W- Er'x2^r + OL2-.v^{h^) , 
where the error term is due to the weight G, which vanishes near the supports of Xj'- 

Xje^''/' = Xj + OL.^j,.{h^), Vfc. 
On the other hand. Proposition 19.21 implies that 

Q2 = 0L^^L^i\0gil/h)/h) , [P, Xl](P -tW- E)-\2^r = 0L2^L^i\0gil/h)) . 

To treat the operator on the right, we observe that the differential operator [P, xi] vanishes 
outside 5(0,^2), while xi vanishes outside P(0,Pi). We are thus in position to apply 

Lemma |A.2[ For any v G L^, \\v\\ = 1, set / == X2'ipiV. The support of / is contained 

inside B{0,R2), and its wavefront set lies inside S^. As a consequence, the state u =^ 
(P — iW — E)~^f also satisfies WFh{u) C E^, and the wavefront set of the state [P, xi]u is 
contained inside WF h{u) fl T*{X \ B{0, ^2))- According to the Lemma, 

(9.13) $*( WF,([P, xi]u)) n T*(03^^)X = for any t > T{R^, Ro, E/2) . 
Using T = r(P2, ^0, E/2), we put 

= ~l £ [/(t)e^*^/'^[P, Xi]{P -^W- E)-\,i;^ = 0^.^^.(log(l//i)//i) . 

Like in the proof of Lemma 19. 3[ the outgoing property (I9.13P implies that 

(Pe,, - E)Q, = -[P, xi](P -iW- Er'x2^r + OL^^L^ih^'^^"^'") . 
Hence, assuming Mi ^ 1, we have 

(P,,, - E){Q, + Qs) = X2^r + OL2^L<h) . 
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There remains to find an approximate solution with the right hand side given by 

Since we chose large enough to contain 'u^Ke), we can choose some 1 -C -R4 < i?3, and 
construct an operator P" which is non-trapping in the sense of Lemma 19.31 and satisfies 

P \x\B{Q,R4,) = P\x\B{0,Ra) ■ 

From the discussion leading to fl9.5p follows that 

Using the cutoff xs, we put 

Q,"^ (l-Xs)iPl-E)-\l-X2)^r, 

and then check that 

{Pe,e -E)Q, = {1- X2)^r + Ol2^l2 {h°^) , Q4 = Ol2^l'2 (l/h) , 
A, = [P, X3]{pL - Er\^ - X2)^r , A, = Ol.^l^I) . 

The operator A4 = X2A4 where X2 has the same properties as X2 (in particular, X2|suppx3 = 
1). For any v G L^, the state A4V will be supported inside 5(0, -R3), and its wavefront set 
will be contained in S^. One can thus adapt the construction of Q2 + Q3 when replacing 
X2'^T by A4, to obtain an approximate inverse Q5 with the properties 

(P,,, - E)Q, = A, + OL^^L^h) , = 0^2^i2(log(l//i)//i) . 
We conclude that Qi =^ <52 + Qs + Q4 + Qb satisfies (19 .111) , which proves the Theorem. 

□ 



Appendix 

In this appendix we explain how the methods of ^ apply to the case in which the 
deformed operator Pg ,^ is replaced by the operator with the absorbing-potential operator, 
P — iW ^ where W is described in Proposition 19.11 The arguments are easier in the case of 
P — iW and the only complication comes with the following replacement of Lemma 16.21 

Lemma A.l. Let W satisfy the conditions given in Proposition \9.1\ Then any fixed t > 0, 
the operator 

(A.l) y^t^'i^ ^UP/h^-UiP-iW)/h^ 

satisfies 



(A.2) V{t) = {v{t)r{x, HD) + Oi2^L2(/i-) , v{t) G Si/2(T*X) 
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Proof. We start as in the proof of Lemma [6. 2t differentiating V{s) with respect to s gives 

dsV{s) = ^ a{s)'"{x, hD)V{s) , V{Q) = I , a(s)"'(x, hD) = -e'^I^W e-''^'^ , 
with a G S*. Let 

nt 

A{t) = \ a{s)ds , vo{t) = exp{A{t)/h) . 
Jo 

We claim that the function vq G Si/2. If fact, by Egorov's theorem, 

A = Ao + 0{h) , Ao(t) (x, = -ly (7r($*(x, 0)) < , 

hence we only need to check the claim for exp(y4o(t)//i). The non-negativity and the C^- 
boundedness of (— ^o) imply the standard estimate |(9^g-)y4o| < C|y4o|^''^, \a\ = 1, from 
which we see that for any P eN^, 

exp{Ao{t)/h) =1 ^ 'U ^^'^0 ] eMMt)/h) 

k 

= E ^(^~') n {\Mtt^''''^^ exp{Ao{t)/kh)) 

A; k 

that is, vo(t) G 51/2. It follows that 

dMsTix, hD) = i {a{s)vo{s)r{x, hD) 

= ^ a(s)"'(x, hD)vois)'"ix, hD) - r(s)"'(a;, hD) , 
where the symbolic calculus shows that r(s) G h^^'^ 5*1/2. By Duhamel's formula, 

E{t) = V{t)-vo{t)'"{x,hD)= [ V{t-s)r{s)'"{x,hD)ds = OL2^L^ih^^^), 



and 

V{t) = vo{t)'"{x,hD)+ [ {vo{t-s)4^r{s))'"{x,hD)ds 



+ 



[ [ V{t-s-s')E{s-s')r{s')'"{x,hD)ds'ds 
Jo Jo 



Vo{t)'"{x,hD)+ / {vo{t-s)i^r{s))'"{x,hD)ds + OL2^LAh). 
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The iteration of this argument gives the full expansion of a symbol v(t) G S1/2, the quan- 
tization of which is equal to V{t) modulo an error OL2_^i^2{h'^). □ 

Using this Lemma we obtain the analogues of all the results of §6.21 for t > 0, with U{t) 
replaced by exp(— it(P — iW)/h), and errors given by instead of The 

proof of the modified Proposition 16.31 is then the same, and Proposition 19.11 follows from 
the argument presented in §6.41 For instance, here is a version of the propagation results 
of Proposition 16.21 (see also Proposition 18.11) : 

Proposition A.l. Fix T > 0. Then for any v = v{h) G L"^ , \\v\\ = 0{h~'^^) (in particular, 
V is h-tempered in the sense of (13. 2p ), 

WFh{exp{-it{P - iW)/h) v) C ^\^¥h{y)) , 

where WF/^ is defined by (13. 3p . 

Proof. In the notation of Lemma lA.ll we write 

exp(-zt(P - iW) /h) V = eyip{-itP/h) V{t) v , 

and observe that the symbolic calculus on 6*1/2 and flA.2p give WFhiV{t)v) C WFh{v). 
Indeed, if a{x, hD)^v = OL2{h°°), a{x,^) = 1 in a neighbourhood of (xo,^o) (that is, 
(2^0)^0) ^ WF/i(v)), then for any symbol b with suppfo (s {a = 1}, 

b'^ix, hD)V{t) = b"" v{tY a"" + Ol2^l'i {h^) ■ 

Hence b'^{x, hD)V{t)v = Ci2(/i°°), and (xo,^o) ^ WF{V{t)v). It follows that all we need 
is the inclusion 

WFh{exp{-ttP/h)V{t)v) C (!>\WFh{V{t)v)) , 
and that follows from the /i-temperedness of V{t)v and Egorov's theorem. □ 

In ^we also need the following propagation result: 

Lemma A. 2. Let P satisfy the general assumptions of §221 o,nd W is as in Proposition 
\9.1\ in particular W\b{o,Ri) = 0- Suppose that, for some radii 1 <ti R2 < Ri, we have 

{P-tW-z)u = f, lmz = 0{h), 

\\u\\ = Oih-''), 11/11 =0(1), supp/ (15(0,^2). 

Then 

Ve>0, 3T = T{R2,Ro,e) > 0, s.t. 
(A.3) V (x, e WF,(m) \ T*(o A wzth p(x, > e , 

|7r($*(x,0)| > 3i?o, Vt>r. 
Here it : T*X X is the natural projection. In other words, m|x\b(o,j?2) ^■^ outgoing. 
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Proof. The principal symbol satisfies lm{p — iW — Kez) < hence we have backward 
propagation: 

(A.4) WF,(m) c $*(WF;,(m)) U U <I>^(WF,(/)) , Vt > . 

0<s<t 

Indeed, we check that 

{thdt - (P - tW)){U{t)u - e-'^'l^u) = e-''''^f , 
and thus, by Duhamel's formula, 

e-^'-l'^u = U{t)u + \- [ exp{-i{t-s){P-iW)/h)e-'''/^fds, 
h Jo 

from which flA.4p follows by applying Proposition lA.ll 

From ellipticity of P — iW — 2; in X\B{0, Ri + ri), we have \\u\\L2(x\B{o,Ri+ri)) = 0{h°°). 
Together with flA.4p . this implies that 



WF^(n) C r+ U U $^(WF,(/)) , r+''^{{x,0 ■■ exp(ti/p)(x,0/>oo, t^-oo} 



The assumptions on P in §3.21 (essentially the fact that it is close to the Euclidean Laplacian 
near infinity) show that for x{t) =^ 7r($*(xo, ^0)), p{xo,C,o) > e, 

(A.5) ^\x(t)\%=o > , \xo\> R ^ ^Mt)\^ >0, t>0, 

at at 

if R is large enough. Indeed, 

^|x(t)p = 2j^{x{t),x'{t)) = 2j^{x{tW^{x{tUm 

= 2|p^p + 2{x{t\pi[p'^]-pi^[p'^]) > Ae - o(l)(o^ 

where we used (13. 9 p to obtain 

(here o(l) — > as x — > 00). Hence t 1— > |a;(t)p is strictly convex and that proves flA.Sp . 

Now observe that, for any point p G WFh{u) \ T^^^j^^^X, we have p G r_|_ \ T^^q^_^^X, 

or p G $'*(WF/i(/)) for some s > 0. In both cases, there exists 1 <^ R2 < R2 and t > 
such that $~*(p) G T^^^ j^^y Thus, the trajectory ($''(p))sg[_t^o] has necessarily crossed 

the sphere {|a;| = R2} for some to, coming from inside. From the above discussion, the 
trajectory is then strictly outgoing {d\x{s)\lds > 0) for s > to. In particular, there exists 
a time T = T(i?2, -Ro; e) (uniform for all such p) such that $'^(p) will be outside 5(0, SRq) 
for s>T. □ 
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